Optimal Compressive Imaging for Fourier Data J

Gitta Kutyniok

(Technische Universitit Berlin)
joint with
Wang-Q Lim (Technische Universitit Berlin)

UCL-Duke Workshop “Sensing & Analysis of High-Dimensional Data”
University College London, September 4 — 5, 2014

n

Kutyniok & Lim (TU Berlin) Optimal Compressive Imaging UCL-Duke Workshop 2014 1/30



Sensing Data

In the age of Big Data, acquiring data is of tremendous importance, but a
highly difficult task. Each new technology requires a sensibly adapted
methodology.
Common desiderata:
@ Few samples to acquire the data.
o Efficient reconstruction procedure.
@ Good approximation rates.

@ Robustness to noise, etc.
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Sensing Data

In the age of Big Data, acquiring data is of tremendous importance, but a
highly difficult task. Each new technology requires a sensibly adapted
methodology.
Common desiderata:
@ Few samples to acquire the data.
o Efficient reconstruction procedure.
@ Good approximation rates.

@ Robustness to noise, etc.

Novel Approach:
@ Compressed Sensing.
@ Frame Theory.
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Fourier Sampling

Important Situation:
Pointwise Samples of the Fourier transform!

Applications:

@ Magnetic Resonance Imaging (MRI)

Electron Microscopy

Fourier Optics

Reflection Seismology

°
°
@ X-ray Computed Tomography
°
°

Common Model:
Let f € L2(R?) with additional regularity assumptions, and A C Z2.

Reconstruct f from
(F(n)nea-
) U
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General Sampling Strategy using Sparsity

o Fourier measurements of f € L?(R?):

f s ((f,en))nen, where A CZ2 ey(x) :=

@ Sparse representation:

f= Z by  with some frame (1) )aen C
AEA

@ Reconstruction:

<(f7 en) = > (U, en>C)\> = (ex)ren
neA

AEN

n
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General Sampling Strategy using Sparsity

o Fourier measurements of f € L?(R?): —— Choice of A?

f s ((F,en))nen, where A C 72 ey(x) := 2™ton),

@ Sparse representation: —— Model for f and choice of (1) )xen?

f= Z oy with some frame (1) )xen C L2(R?).
AeN

@ Reconstruction: — Reconstruction Algorithm?

<(f7 en) = > (U, en>C)\> = (ex)ren
neA

AEN
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Compressed Sensing Type Approaches

@ Lustig, Donoho, Pauly; 2007
~~ Sparse MRI: Spirals, L2(R?), Wavelets, ¢;.

min [Wgl1 st [gla—flal> <e.
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o Krahmer, Ward; 2014
~» Variable Density Sampling, CN*N Haar Wavelets, TV.
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Compressed Sensing Type Approaches

@ Lustig, Donoho, Pauly; 2007
~~ Sparse MRI: Spirals, L2(R?), Wavelets, ¢;.

mgin [Wgl1 st [|gla — flalle <e.

o Krahmer, Ward; 2014
~» Variable Density Sampling, CN*N Haar Wavelets, TV.

@ Adcock, Hansen, K, Ma; 2014
~~ Block Sampling, L?(R?), Wavelets, Generalized Sampling.

@ Adcock, Hansen, Poon, Roman; 2014
~ Multilevel Sampling, #, ONS, /1.

@ Shi, Yin, Sankaranarayanan, Baraniuk; 2014
~+ Dynamic MRI: Variable Density Sampling, R x R", Wavelets, ¢;.
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Appropriate Notion of Optimality?

Ingredients:

o Continuum Model C C L2(R?).

» Acquiring data in a continuous world.
» Optimal best N-term approximation rate:

If —fnlla SN~ as N — oo for all f €C,

where fy = Z)\EAN cxpy for some frame (¢x)aen C L2(]R2).
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Appropriate Notion of Optimality?

Ingredients:

o Continuum Model C C L2(R?).

» Acquiring data in a continuous world.
» Optimal best N-term approximation rate:

If —fnlla SN~ as N — oo for all f €C,

where fy = Z)\EAN cxpy for some frame (¢x)aen C L2(]R2).
@ Sampling Schemes Ay C Z2, #Ap = M and M — oo.

@ Reconstruction Procedure R : C x A — L2(R?), A = {J,,{Awm}.

Asymptotic Optimality: We call a sampling-reconstruction scheme
(C, A, R) asymptotically optimal, if, for all f € C,

If — R(F,Apm)lla S M~ as M — occ.
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Looking ahead...

Key ldeas of our Approach
@ Continuum Model
~+ Functions governed by anisotropic structures.

@ Frame
~» Dualizable (compactly supported) shearlets.

@ Sampling Scheme
~+ Directional variable density sampling.

@ Reconstruction Procedure
~~ 1 minimization.

Main Results:

@ This leads to a provably asymptotically optimal scheme.

@ This scheme outperforms in particular all wavelet-based schemes.
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Let's start with a suitable Model...

v
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Anisotropic/Cartoon Structures

Images:

@ Governing structure in images.
@ Justified by neurophysiology.

SN\
E 2

Field et al., 1993

n

Kutyniok & Lim (TU Berlin) Optimal Compressive Imaging UCL-Duke Workshop 2014 9 /30



Anisotropic/Cartoon Structures

Images:

@ Governing structure in images.
@ Justified by neurophysiology.

SN
S

Field et al., 1993

Definition (Donoho; 2001):
The set of cartoon-like functions £2(R?) is defined by

EXR) ={f € (R?): f =fo+ fi - x5},
where B C [0, 1]? with 9B a closed C2-curve, fo, fi € C3([0,1]?).
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Anisotropic/Cartoon Structures

Images:

@ Governing structure in images.

SN
S

Field et al., 1993

@ Justified by neurophysiology.

Definition (Donoho; 2001):
The set of cartoon-like functions £2(R?) is defined by

EXR) ={f € (R?): f =fo+ fi - x5},
where B C [0, 1]? with 9B a closed C2-curve, fo, fi € C3([0,1]?).

Theorem (Donoho; 2001):
Let (¢x)x C L?(R?) be a frame. Then the optimal asymptotic
approximation error of f € £2(R?) is

If = ful3= N2, N oo, where fy= 3 ein.

AEAN ﬂﬁ
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Sparsifying Representation System

Parabolic scaling and shearing:

2 0 1 k :
Aj:(o 2j/2> and Sk:(o 1), J,kEZ./

v
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Sparsifying Representation System

Parabolic scaling and shearing:

20 1 k .
Aj:<0 2-,-/2> and Sk:<0 1), _],kEZ./

Definition (K, Labate; 2006): )
The (cone—adapted)Ndiscrete shearlet system SH(¢,1),1) generated by
¢ € L?(R?) and 1,7 € L?(R?) is the set

{o(- = m):m ez},
U2V 4 (SeA; - —m) 1 j >0, |k <[22, me 72}, 1

U2 G(SA; - —m) 220,k < [P me 22y, P
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Compactly Supported Shearlets
Theorem (Kittipoom, K, Lim; 2012):

Let ¢, 1,1 € L?(R?) be compactly supported, and let @@ @Z satisfy certain
decay condition. Then SH(¢, 1, 1) forms a shearlet frame, i.e.,

AlFIZ< Y. [f.o)P < B|If|3 forall f € L*(R?)
oESH($:1,9)

with controllable frame bounds. .
~ Exemplary class with B/A ~ 4.

Kutyniok & Lim (TU Berlin)
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Compactly Supported Shearlets

Theorem (Kittipoom, K, Lim; 2012):
Let ¢, 1,1 € L?(R?) be compactly supported, and let @@ 1 satisfy certain
decay condition. Then SH(¢, 1, 1) forms a shearlet frame, i.e.,
AlFIZ< Y. [f.o)P < B|If|3 forall f € L*(R?)
TESH(b,1.1)

with controllable frame bounds. .
~ Exemplary class with B/A ~ 4.
Theorem (K, Lim; 2011):

Let f be a cartoon-like function, let ¢, 1,1 € L2(R?) be compactly

supported, and let v, ¢ satisfy certain decay condition. Then S?—[(qﬁ,@b,@)
provides an optimally sparse approximation of f, i.e.,

-3V g, Moo R

n
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Problem with Frames

False Statement for Shearlet Frame: We have

f ((fv en>)n€A and f = Z C)x¢)u
AEN
and want to solve

<<f, en) = > _(n, en>C)\> for (cx)ren-
neA

AEA
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Problem with Frames

False Statement for Shearlet Frame: We have

f— (<fgen>)n€A and f = Z<f7w)\>/l#/)>\g
AEN
and want to solve

<<f’ en) = Y (U, en>C>\> for (cx)ren-
Aen neA

Reason: For a frame (¢))xen, we have

F=> (fa)ha forall f e *(R?),

AEN

where 1) = S~1y, with Sg = 3"\ (g, ¥2) ¥
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Problem with Frames

False Statement for Shearlet Frame: We have

f— (<f7 en>)n€A and f= Z <f,¢)\> 72)'>\7
AEN
and want to solve

<<f, en) = Y (i, en>C)\> for (cx)aen-
Aen neA

Reason: For a frame (¢))xen, we have

F=> (fa)ha forall f e *(R?),

AeN
where ¢y = STl with Sg = 3", (8. ¥)) V.
But: We do not know the dual shearlet frame (1/;>\),\e/\ analytically!
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Dualizable Shearlets...

v
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Intuition:

Kutyniok & Lim

Partition of Fourier Domain, shear= 0

° °
° °
° °

oo
oo

. .
. .
. .

.o
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Intuition: Partition of Fourier Domain, shear 0

Y

v
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Intuition: Filters

v
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Shearlet Generators

Let v € L?(R?) be compactly supported such that, for p > 0 fixed,

min{]‘v |£1|a}
(1 +[&N)P(1 +[&])P

withRZl,a21+%,andﬁ>a—|—1.

|3d?(5)| < foralld <R

Observation:
For each s,

3; _ ~ 3il i m o .
{’Yjs,m = 21]7(Aj55 : _m) s m} and {’Ysj,m = 24"7(/4]55 -—m) s m}
form orthonormal bases for L2(IR?).

n
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Dualizable Shearlet Frame

For some regularity parameter p > 0, define

ikom = Osx v and Yy um= 0. %35, withs=27"k.
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Dualizable Shearlet Frame

For some regularity parameter p > 0, define

ikom = Osx v and Yy um= 0. %35, withs=27"k.

Theorem (K, Lim; 2014):
The dualizable shearlet system

SH = {thj pms Vjkom = J = 0, |k| < 272 m e 72}

forms a compactly supported frame and a dual frame is given by
{}'—1 (L"’Q)}"l(M) D pom Bk € SH}'
Zs |@S| Zs |@s‘2
w
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Optimal Sparse Approximation inherited!

Theorem (K, Lim; 2014):
Let f be a cartoon-like function and let SH = (1)x)xen be as before.
Then, for any p > 0, there exists a positive constant C, such that

If = fll3 S N2 (log(IV))?,

where fy is the N term approximation (of the N largest (f,1))’'s) with
respect to the dual frame of SH, i.e.

fv=>_ (F.a)dn.

AEAN
Recall:
@ Optimal rate: N—2.

@ Regularity parameter: p > 0.

Kutyniok & Lim (TU Berlin)
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Directional Sampling Strategy

v
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Sampling Strategy: Dualizable Shearlet Systems

Recall: We have (k <> s)

(F k) = (F, 05 %2 ) = (5 % F 4} m) = G
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Sampling Strategy: Dualizable Shearlet Systems
Recall: We have (k <> s)

<f’¢j,k,m> = <f7 O * 7_/'s,m> = <§S * f77js,m> =c;

J,m*

Determining the measurement vector:

Os*f= Y Gmlim
(j,m)ENs
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Sampling Strategy: Dualizable Shearlet Systems
Recall: We have (k <> s)
<f,¢j,k,m> = <fves * 7_/s,m> = <§S * fvlyjs,m> = C:/S,m

Determining the measurement vector:

O, xf = Z S Vim = (Og % f,e,) = Z (V] m»€n) €

j?m
(j,m)ENs (,m)eNs
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Sampling Strategy: Dualizable Shearlet Systems
Recall: We have (k <> s)

<f’¢j,k,m> = <f7 O * 7_/'s,m> = <§S * fv’Yjs,m> =c;

Jim'

Determining the measurement vector:

@5 xf = Z Cﬁm’}/ﬁm — <§5 * f, en> = Z <7ﬁm7 en>st,m
(j,m)ENs (,m)eNs
= (Pi(@sxf)en)= > (Vmen)Cm
(j,m)E/\J’S
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Sampling Strategy: Dualizable Shearlet Systems
Recall: We have (k <> s)

<f’¢j,k,m> = <f7 O * 7_/'s,m> = <§S * fv’Yjs,m> =c;

Jim'

Determining the measurement vector:

@5 xf = Z Cﬁm’}/ﬁm — <§5 * f, en> = Z <7ﬁm7 en>st,m
(j,m)ENs (,m)eNs
= (P5(@sxf)en) = Y. (Vimen)Cm
(j,m)E/\J’S

Hence, we preliminarily set

Vo = (Pj(@s xf),en).
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Sampling Strategy: Dualizable Shearlet Systems
Recall: We have (k <> s)

<f’¢j,k,m> = <f7 O * 7_/'s,m> = <§S * fv’Yjs,m> =c;

Jim'

Determining the measurement vector:

@5 xf = Z Cﬁm’}/ﬁm — <§5 * f, en> = Z <7ﬁm7 en>st,m
(j,m)ENs (,m)eNs
= (P5(@sxf)en) = Y. (Vimen)Cm
(j,m)E/\J’S

Hence, we preliminarily set

Vo = (Pj(@s xf),en).

Remark: In practice, P5(©s * f) ~ O * f, hence y, = O4(n) - f(n). ﬂs
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Shear-Adapted Density Sampling

Linear System of Equations:

<Pj(§s * f), en> = Z <7js,m7 en>Cﬁm'

(jvm)eAJ,s

Kutyniok & Lim (TU Berlin) Optimal Compressive Imaging

UCL-Duke Workshop 2014
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Shear-Adapted Density Sampling

Linear System of Equations:

<Pj(§s * f), en> = Z <7j$,m7 en>cjs,m'
(j,m)E/\JTS

Introducing Randomness:

1 — 1
<Pj(es * f)a ens‘,g> = Z [ p <7ﬁm7 ens,é>] Cﬁm?
S

\V pS(nS,f) (j,m)GAJ,S (ns,é)

b=
where
0 seSyp ={0tU{3%:lql <2/?,g€2Z+1,j=0,...,J},
o {ngp:l=1,...,Ls} C72n[-2/0+r) 2J(1+0)]2 i
chosen according to a probability density function

(n) = =
P = A+ Im) (I + [m2 — sm))
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Sparse Sampling Strategy

Theorem (K, Lim; 2014):
Let f be a cartoon-like function which is C2", r € [3,1) smooth apart
from a C?-discontinuity curve of non-vanishing curvature. Further, let
@ p > 0 be fixed (regularity),
@ J > 0 be ‘sufficiently large’ (limiting scale),

o yo = (vplnsd) (P(@sx ) en)

o 0= (V) o)

, (measurements),
(=1, Ls

sampling matrix).
U?m)EAJ,svgzlv'“yLS ( )

n
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Sparse Sampling Strategy

Theorem (K, Lim; 2014):
Let f be a cartoon-like function which is C2", r € [3,1) smooth apart
from a C?-discontinuity curve of non-vanishing curvature. Further, let
@ p > 0 be fixed (regularity),
@ J > 0 be ‘sufficiently large’ (limiting scale),

o yo = (vplnsd) (P(@sx ) en)
° b, = (\/ps(ns,e)_lhﬁm, ens,z>)

For each s € S5,

, (measurements),
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sampling matrix).
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Sparse Sampling Strategy

Theorem (K, Lim; 2014):
Let f be a cartoon-like function which is C2", r € [3,1) smooth apart
from a C?-discontinuity curve of non-vanishing curvature. Further, let
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o yo = (vplnsd) (P(@sx ) en)
° b, = (\/ps(ns,e)_lhﬁm, ens,z>)

For each s € S5,

, (measurements),
(=1, Ls

sampling matrix).
(,m)ENJ s,0=1,...,Ls ( )

(Ex)aen,, = argmin.|[c||1 subject to ®sc = ys,

Then with probability at least 1 — 277,

f— iy ’ <27 J/(1=130/2) 55 J 5 0.
- 2 % o,

S€§J/2 )\GAJ,S ﬂs
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Sparse Sampling Strategy

Theorem (K, Lim; 2014):
Let f be a cartoon-like function which is C2", r € [3,1) smooth apart
from a C?-discontinuity curve of non-vanishing curvature. Further, let
@ p > 0 be fixed (regularity),
@ J > 0 be ‘sufficiently large’ (limiting scale),

-1 —
° y, = ( ps(nse) (P3(Os * f)7e"s,é>>
-1
° &, = (\/m <7js,m’ e”5a15>>(,- m)eN s,0=1,...,L

Ly < J2J/20420) —: )
2 ~Y

, (measurements),
(=1, Ls

(sampling matrix).

For each s € §», (ZseSJ/

(Ex)aen,, = argmin.|[c||1 subject to ®sc = ys,

Then with probability at least 1 — 277, ~» Asymptotic Optimality!

f— ||| 270D (= O(N ) as S o oo
Ir- 2 ¥ &b,

S€§J/2 )\GAJ,S ﬂs
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Numerical Experiments

v
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Sampling Schemes

Directional Sampling Scheme Variable Density Sampling Scheme

n
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Numerical Results for 512x512 MRI Image

Wavelets + Variable Density Sampling
(5% sampling rate, 24.9969dB)

Shearlet Scheme Wavelets + Directional Sampling
(5% sampling rate, 32.2845dB) (5% sampling rate, 29.8138dB)
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Approximation Curves for 512x512 MRI Image

45

40

— — — shear08
shear16
shear

wave02
wave01

3 E 300 — — — - shear08 b
% 2 shear16
& 30 4 < shear
2 200 wave02 ]
wave01
» // ] 100 ) B -
2 5; 16 1‘5 26 25 00 10 1‘5 20 25
sampling rate (%) sampling rate (%)
@ shear(08: Directional sampling scheme with 8 directional filters.
@ shearl6: Directional sampling scheme with 16 directional filters.

@ shear: Directional sampling scheme with (normal) shearlets.

@ wave02: Directional sampling scheme with wavelets.

@ wave0l: Variable density sampling scheme with wavelets.

Kutyniok & Lim (TU Berlin)

Optimal Compressive Imaging

UCL-Duke Workshop 2014

n

27 / 30



Let's conclude...

v
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What to take Home...?

@ Sampling and reconstruction strategies are key for acquiring data
in a continuous world.

@ Applications such as MRI only allow Fourier samples.

@ Sampling and Reconstruction Scheme for Fourier Data:
» Cartoon-like functions as continuum model.
» (Dualizable) Shearlets as sparsifying system.
» Directional sampling scheme.
@ Asymptotically optimal recovery could
be proven.

@ Numerical evidence of superiority
of the scheme.
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Applied Functional Analysis Grou;
Technische Universitat Berlin

THANK YOU!

References available at:
www.math.tu-berlin.de/~kutyniok
Code available at:
www.ShearLab.org
Related Books:

@ Y. Eldar and G. Kutyniok
Compressed Sensing: Theory and Applications
Cambridge University Press, 2012.

@ G. Kutyniok and D. Labate
Shearlets: Multiscale Analysis for Multivariate Data
Birkhduser-Springer, 2012.
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