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Abstract

In this thesis, we present theoretical and computational studies of topological valley
plasmon transport on graphene metasurfaces, which were further applied to active
optically and chemically controllable nanodevices. The presented results and de-
signs may not only provide deeper insights into topological metasurface with novel
symmetry-breaking, but also lead to active photonic nanodevices implemented in
robust topological systems. Three configurations of graphene metasurfaces created
with the required symmetry to possess valley topological plasmonic modes have
been developed: i) a single graphene nanohole metasurface, ii) bilayer graphene
metasurfaces, and iii) layered graphene metasurfaces. In all cases, the underlying
graphene metasurfaces consist of a hexagonal periodic distribution of circular or tri-
angular air-holes. By introducing additional nanoholes in a single graphene meta-
surface to break its spatial-inversion symmetry, or by horizontally shifting layers of
bilayer graphene metasurfaces with a novel mirror symmetry breaking, or by simply
rotating triangular holes in multilayer graphene metasurfaces to break their spatial-
inversion or mirror symmetries, the symmetry-protected Dirac cones associated to
the three configurations are gapped out. As a result, topological valley interface
modes emerge inside the nontrivial bandgap, and the light propagation of the corre-
sponding topological modes along the domain-wall interface shows unidirectional
features. Taking advantage of the strong Kerr effect and chemically-tunable optical
property of graphene, an active optical switch and an efficient approach to transfer
power to topological modes are designed by optically tuning the frequency disper-
sion of graphene metasurfaces via the Kerr effect, and a molecular gas sensor using

the fact that Fermi energy of graphene varies upon chemical doping are investigated.
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Impact Statement

Inspired by the unique and novel properties of topologically protected modes, I the-
oretically and computationally studied the topological valley plasmon transport on
graphene nanohole metasurfaces in this thesis, which has been further applied to
active optically and chemically controllable nanodevices. My work in the thesis
not only offers a route toward the observation of valley-chirality-locked topologi-
cal modes in the graphene-based topological photonic systems, but also opens up
new ways of developing active topological photonic devices with new or improved

functionality and robust integrated plasmonic devices for molecular sensing.

The topological valley graphene metasurfaces I studied are playing an impor-
tant role in the development of the time-reversal invariant topological system with
inversion symmetry breaking in the absence of an external magnetic field. The pre-
cise shape, geometry, size, orientation, and arrangement of the proposed graphene
metasurfaces give them remarkable properties capable of manipulating electromag-
netic waves: by enhancing, scattering, or blocking waves to achieve advantages
beyond the optical response of conventional materials. My research provides three
different ways to design and characterization of topological photonic waveguides
with unidirectional light propagation without back-scattering, which will benefit
national and international researchers in the field and related disciplines, especially

nanophotonics, integrated photonic devices, and molecular sensing.

The absence of backscattering modes opens new avenues for the realization
of topological photonics in practical applications. In particular, topologically pro-
tected characteristics of a nontrivial waveguide can enable dissipationless light

propagation, leading to efficient photonic devices that are beneficial for optical
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communication. This property is in contrast to applications implemented on triv-
1al photonic waveguides, based on the fact that energy losses in such trivial systems
are strongly influenced by the defects and disorders inside the photonic device. Fur-
thermore, topologically protected transport in electronics requires low temperatures,
whereas topologically protected transport in photonics operates at room temperature
and can be much easier to be realized on practical platforms.

Potential applications for my proposed topological graphene plasmonic waveg-
uide are diverse and can operate in a broad frequency range from mid-infrared to
microwave regime, which includes topological insulator laser, nanocavities with
a high-quality factor, and photonic delay line. Moreover, the proposed layered
graphene-based topological valley systems with novel mirror symmetry breaking,
could support two kinds of topological interface modes with layer-polarized and
valley-chirality-locked properties inside the nontrivial bandgap. This remarkable
property has great potential in the development of topological layer convertors and
topological layer-selected delay lines.

Apart from the linear response of topological mode in graphene metasurfaces,
key functionalities of active photonic devices, such as tunability, optical frequency
generation, and sensing, can most effectively be implemented by employing the
nonlinear optical response of the topological waveguides. The nonlinear optical re-
sponse inside a topological waveguide could unlock active tunable functionalities.
First, the study about the Kerr effect of the active ultra-fast optical switch could open
up new routes towards active photonic nanodevices whose underlying functionality
stems from their topological characteristics. Second, the proposed efficient non-
linear coupler between the topological interface and trivial edge modes provides an
alternative way to transfer a large amount of light to the topological mode as a novel

kind of excitation method in topological photonics.
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modes. The graphene waveguide is created by adjoining together
in a mirror-symmetric way two semi-infinite graphene metasurfaces
consisting of a hexagonal periodic distribution of holes with primi-
tive unit cell marked by blue rhombus. The red and yellow arrows
indicate the optical signal coupled to the trivial edge mode (red) and
the output signal collected from the topological mode (yellow), af-
ter it propagated along the domain-wall interface. The orange arrow

indicates the pump beam propagating in the bulk mode, and is used
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(a), (b) Spatial field profile in the nonlinear coupler, determined for
P, =0 and P, = 10uW, respectively. The input pump power is in-
jected in the bulk mode E), at frequency of 11.7THz, via a dipole
source indicated by the red arrow. (c), (d) Fourier transform of nor-
malized electric fields of the trivial edge mode, E,, and topological
mode, E;, shown in Fig. 3.18(b), respectively. The spatial intervals
of the Fourier-transform calculations of the edge and topological
modes are marked by light and dark blue lines in Fig. 3.18(b), re-

spectively. . . . . .. L

(a), (b) Power of the topological interfacial mode, P, vs. the
propagation length L, determined in the regimes of weak coupling
(P, = 12.3uW) and optimum coupling (P, = 15.4uW), respec-
tively, as predicted by the CMT. Blue and red curves correspond to
full-wave simulations and fitted solutions of the CMT, respectively.
(c) Dependence of wave-vector mismatch, Ak, on the pump power
P, injected in the bulk mode Ej,,. The wave-vector Ak, is extracted
from the projected band diagram (red line), Fourier transform of
the spatial distribution of the propagating fields (dots), and CMT
(stars). (d) Coupling coefficient Kk vs. pump power P,, predicted by
the CMT. . . . . . . . .

(a) Wave-vector mismatch Ak, vs. pump power P,, when the pump
beam propagates in mode Ej, (red), Ep, (blue), and Ej, (green).
The solid and dotted curves correspond to Ak, extracted from the
projected band diagram and calculated by Fourier transforming the
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Schematic of the bilayer graphene metasurface. (a) The metasurface
contains a domain-wall interface oriented along the x-axis, which is
constructed by shifting the hole lattices of the two halves of the top
graphene layer (purple) w.r.t. the bottom layer (green) along the
positive and negative directions of the y-axis. (b) Top view of the
unit cell with lattice constant, a, and horizontal shift, s. Hole centers
O and O’ correspond to the unit cells of the bottom and top layer,

respectively. (c) Bird’s eye view of the unit cell with a separation

distance, h, between the two layers. . . . . ... .. ... ... ..

Simulation settings on the bilayer graphene nanohole crystal. (a)
Periodic boundary conditions are placed along the x-axis and y-axis
while absorption boundary conditions are placed on the air interface
along the z-axis. (b) Mesh distribution of a unit cell of the bilayer

graphene crystal. (c) Discretized entire FBZ along the k, and k,

directions. . . . . . . . ..

Band diagrams of a bilayer graphene metasurface in the FBZ. (a)
Band diagram of a bilayer graphene metasurface with s = 0, in
which the coupling between the top and bottom graphene nanohole
crystals is very weak. (b) Band diagram when the optical coupling
between top and bottom graphene crystals is enhanced by reducing
the separated distance 7 = 90nm. (c) Band diagram of a composite
bilayer graphene metasurface in which the coupling between the top
and bottom graphene plasmonic crystals is relatively strong, namely
h =90nm and s = 100nm, as depicted in Fig. 4.1(c). Since the
mirror-symmetry of the composite graphene metasurface is broken

in this case, a nontrivial bandgap corresponding to the light yellow
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Supercell of the finite bilayer graphene crystal with a domain-wall
interface constructed by two mirror-symmetric domains. Periodic
boundary conditions are placed along the x-axis while absorption

boundary conditions are placed along the y-axis and z-axis. . . . . .

(a) Projected band diagram of a finite bilayer graphene metasurface
with a width of 20 unit cells and domain-wall interface generated
by shifting two halves of the top layer w.r.t the bottom graphene
layer (s = 100nm). Topological interface modes and trivial edge
modes are represented by red and blue lines, respectively, whereas
bulk modes correspond to maroon regions. (b) Field distribution of
a trivial edge mode located at the upper boundary of the graphene
metasurface, which corresponds to (I) and Q) in (a). (c) Field distri-
bution of a trivial edge mode located at the lower boundary, which
corresponds to () and @) in (a). (d) Field distribution of a topolog-

ical interface mode marked by point @) in(a). . . . ... ... ...

Spatial distribution of the Ey, Ey, and E, components of the topo-
logical modes with respect to the domain-wall interface marked by

red lines in Fig. 4.5(a). . . . . . . .. ... .. .. .. ..

Projected band diagram in which there are two topological edge
states (points (I) and (2)) with opposite group velocities at the fre-
quency of 14.16THz. . . . . . . . . . ... ... .. ... .....

(a) Unidirectional propagation along the negative direction of the
x-axis, corresponding to point (2) in Fig. 4.7, when the finite meta-
surface is excited by a right-circularly polarized (RCP) source. (b)
The same as in (a), but for a left-circularly polarized (LCP) source.

In this case, the topological interfacial mode propagates along the

positive direction of the x-axis, corresponding to point (I) in Fig. 4.7.

Chemical potential, u., of graphene with respect to different NO,
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Schematic of the proposed molecular sensor. The topological inter-
facial mode carries an input power and output power in the regions I
and II1, respectively. An additional bilayer graphene metasurface in
the region II is sandwiched in-between the regions I and III, and is
used to detect the concentration of adsorbed molecules of a certain

gas(NOginourcase). . . . . . . . .. oo v v i i

Band diagrams of the bilayer graphene metasurface with the chem-
ical potential of 0.21 eV. (a) Band diagram of the infinite bilayer
graphene plasmonic crystal. A 0.21THz nontrivial gap emerges
from 14.29THz to 14.5THz. (b) Projected band diagram of a finite
bilayer graphene metasurface with a 0.21eV chemical potential.
The topological interface and trivial edge modes are represented by
red and blue curves, respectively. The nontrivial frequency bandgap

marked by a blue strip is shifted upwards compared with Fig. 4.5(a).

Functionality and sensitivity of the graphene-based molecular gas
sensor. (a) Light transmission, defined as the ratio between the out-
put and input power, versus the concentration Cno, of NO, gas,
determined for [, = 8a and /; = 14a. (b) Dependence of the sen-

sitivity of the molecular sensor on the gas concentration Cno, of

(a) Schematic of primitive unit cell of the infinite graphene crys-
tal with a lattice constant, a, containing a triangular nanohole with
a sidelength, s. The primitive vectors of hexagonal lattice are a,
and aj, and the rotation angle 6 shows the orientation of triangular
nanohole with respect to the lattice vector a;. (b) First Brillouin
zone (FBZ) of the graphene metasurface composed of a hexago-
nal lattice. (c) Band diagram of the graphene triangular nanohole
metasurface along k vector from I to K and then M, determined for

different rotation angles 0 with respect to the hexagonal lattice. . . .

26

165

176



5.2

5.3

54

List of Figures

(a) First two bands of graphene triangular nanohole crystal, calcu-
lated for opposite rotation angles of triangular hole, 8 = £30°. The
minimum and maximum of two valley bands at K point are marked
by K; and Kj, respectively. (b) Field distribution of the first two
bands at K| and K, with opposite Poynting vector distributions, with
the rotation angle 6 = 4-30°. The red and blue arrows represent left

circular-polarized (LCP) and right circular-polarized (RCP) energy
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flows, respectively. (c) Similar to (b), but for rotation angle 8 = —30°.178

Berry curvature Q distribution of the first two bands over the K

valley computed by the effective Hamiltonian, determined for the

rotation angle of triangular nanohole (a) 8 = 30° and (b) 6 = —30°.

(a) Schematic of the bilayer graphene plasmonic waveguide with a
mirror-symmetric domain-wall interface oriented along the x-axis.
(b) Top view of primitive unit cell of the bilayer graphene meta-
surface with lattice constant a, of which each layer is composed by
triangular nanohole with the same sidelength s. The rotation an-
gle of triangular holes in two layers with respect to the hexagonal
lattice is determined by external degree of freedom 3 and internal
degree of freedom o, with rotation angle of triangular holes of the
top and bottom layers being 6; = B+ a and 6, = 8 — a, respec-
tively. (c) Bird’s eye view of the unit cell with a separation dis-
tance, h, between the two layers. (d) Band diagram of an infinite
bilayer graphene triangular nanohole crystal without perturbation
(a,B) = (0°,0°), which exhibits two Dirac cones at the K-point.
The first four bands are marked by red, blue, green, and yellow
curves, respectively. The Dirac frequencies of two Dirac cones are

split depending on the separation distance & due to the interlayer

coupling. . . . . ...
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(a) First four bulk bands of bilayer graphene triangular nanohole
crystals, calculated for various internal degrees of freedom and ex-
ternal degree of freedom (¢, f3). The nontrivial frequency bandgap
can emerge between the second and third bands. (b) Chirality
properties of bulk valley modes of the bilayer graphene triangu-
lar nanohole crystal with rotation angles (o, ) = (0°,20°). From
the left to right panel, electric field and Poynting vector distribu-
tion of the first two non-degenerate bands at K point correspond to
points A; and A, in (a). (c) Layer-polarized properties of bulk val-
ley modes of the bilayer graphene triangular nanohole crystal with
rotation angles (a, ) = (30°,0°). From the left to right panel, elec-
tric field and Poynting vector distribution of the first two degenerate

bands at K point correspond to points A% and A% in (a). The red and

blue arrows represent LCP and RCP energy flows, respectively. . . .

Detailed band structure along the k vector difference 6k with re-
spect to the K-point, determined for specific rotation angles (c,f3)
of two triangular holes in bilayer graphene plasmonic crystals. § @
corresponds to the frequency change with respect to the mean value
of two Dirac frequencies. The blue solid and red dotted curves in-
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(a) Berry curvature Q distribution of the first two bands (A and A;
in Fig. 5.5(a)) over the K valley computed by the effective Hamil-
tonian, determined for rotation angles (a, ) = (0°,20°) with two
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(b) Similar to (a), but for bilayer graphene crystals with rotation an-
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Chapter 1

Introduction

The recent realization of photonic topological insulators has led to the discovery of
entirely new optical states and revolutionary applications. The meaning of topology
in topological photonics arises from the topological invariant, Chern number in in-
teger quantum Hall effect (QHE) of condensed matter [1]. Topology is a branch of
mathematics that studies the unchanged properties of geometric figures after con-
tinuous changes in shape, which only considers the positional relationship between
objects without considering their shapes and sizes [2]. For example, in Fig. 1.1(a),
without cutting or gluing but only with stretching and twisting, an object in the
shape of a ring can be deformed into the shape of a mug with a hole in the handle,
but cannot be deformed into a shape without holes. Although the shapes of ring
and mug are different, they are topologically equivalent. In topology, this important

topological property is expressed by the defined genus.

Based on the concepts from topology, topological insulators were explored and
quantitatively defined in solid state physics, which are electronic materials that have
a bulk bandgap like ordinary insulators but contain protected conducting states lo-
calized at their edges or surfaces [3, 4, 5]. Electrons traveling along the edges or
surfaces of topological insulators are strongly resistant to any dissipation or back-
scattering, just as holes in deforming rings are resistant to any continuous changes
in shape. Hence, this unchanging feature of an electron traveling in the topological
insulator is quantitatively explained by Chern number (genus) [4]. The first exam-

ple of a topological insulator with QHE was two-dimensional (2D) electrons in a
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Figure 1.1: (a) Objects of six different geometries can be grouped into three pairs of topolo-
gies with different topological invariants. (b) Comparison between quantum
Hall effect in condensed matter and analog quantum Hall effect in photonic
crystals.

uniform magnetic field discovered in 1980, in which the variation of Hall resistance
with respect to the applied magnetic field is a quantized value and remains constant
regardless of size, composition, and purity of the sample [6]. Besides, the quan-
tized value of Hall resistance is proportional to the number of scattering-free edge
states with induced disorders, which is called Chern number. When the Chern num-
ber is zero, it is proved that there is no topologically protected edge state, which
is topologically trivial, otherwise it is topologically non-trivial for a nonzero Chern
number. In 1988, Haldane proposed a theoretical model that the necessary condi-
tion to achieve such phenomenon is the inversion symmetry breaking rather than
an external magnetic field [7]. The discovery of topological properties of materials
provides a new degree of freedom for us to understand materials, discover materials

and even create materials.

Since back-scattering is a major reason of unwanted feedback and losses in or-
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dinary photonic waveguides, transferring the scattering-free feature of topologically
protected edge states in solid state physics into photonic waveguides is a natural
choice. A detailed comparison between QHE in the solid state physics and analog
QHE of photonic crystals is presented in Fig. 1.1(b). To analogize the periodic
distribution of atoms in crystalline materials, the photonic crystal as an optical pe-
riodic structure, is introduced into the topological photonics [8, 9]. The periodical
change of the dielectric constant artificially creates a lattice for light, which shows
great potential in the development of the QHE in photonic systems. By solving
Maxwell’s equations of photonic crystals with inversion symmetry breaking, one
can realize the topological photonic mode inside the nontrivial frequency bandgap,
whose optical field is localized at the domain-wall interface. Research in topolog-
ical photonics has been attracting increasing attention, especially due to the novel
and unique properties, like unidirectional propagation and its robustness against
disorder-induced backscattering [10, 11], which have the potential to contribute to

the development of robust on-chip ultra-compact nanophotonic devices.

Topological photonic modes could be achieved by gapping out symmetry-
protected Dirac cones, for example, an analogy of the time-reversal symmetry
breaking feature of the quantum Hall effect is induced by magneto-optical effects
under an external static magnetic field [10, 11, 12]. However, magneto-optic pho-
tonic crystals only have a strong response to an applied magnetic field at microwave
frequencies, so that extending these phenomena to the optical domain requires al-
ternative solutions. To this end, spatial-inversion symmetry breaking is induced
in time-reversal invariant photonic systems by spatially asymmetric perturbations
[13, 14]. The topological nontrivial characteristics could be theoretically described
by the integer topological index, Chern number. When the Chen number is zero, it is
proved that there is no nontrivial topologically protected edge mode, otherwise, the
number of topological edge modes inside the nontrivial bandgap is exactly the dif-
ference of Chern number across the domain wall interface [see Fig. 1.1(b)] [15, 16].
Currently, a variety of experimental platforms are available for topological photon-

ics, including metamaterials, photonic crystals, and evanescently coupled waveg-
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uides [17]. Importantly, topologically-protected edge modes have been explored
not only in the context of fundamental science, but also with the aim to fulfill their
potential for new applications, such as robust light-transmission devices [18, 19],

optical signal processing devices [20], time-delay lines [21, 22], and sensors [23].

In addition to the linear optical response of topological photonic systems, non-
linear topological photonics has also been studied, leading to the development of ac-
tive and tunable applications implemented in robust topological photonic systems.
Key functionalities of active photonic devices, such as tunability, optical frequency
generation, and sensing, can most effectively be implemented by employing the
nonlinear optical response of the topological photonic system [24]. Besides, the
unique characteristics of topological insulators, like the strongly localized topolog-
ical edge mode and the co-existence of bulk, trivial and nontrivial edge modes with
different spatial profiles, offer potential advantages to enhance pump intensity and
filter different beams in nonlinear processes, respectively. To this end, active topo-
logical photonic devices relying on nonlinear optical effects, including Kerr effect
[25], second-harmonic generation (SHG) [26], third-harmonic generation (THG)
[27], and four-wave mixing (FWM) [28], have been successfully demonstrated.
Moreover, the unique properties of graphene-based topological system and non-
linear effects can be considered for developing photonic platforms and nonlinear
systems, which can tune a topologically-protected defect-immune light by a change
of light intensity. Key factors, such as large, tunable carrier densities [29, 30] and
long intrinsic relaxation times up to the picosecond range [31, 32], make graphene
an ideal platform to achieve passive and active topological plasmonics with high fre-
quency, low loss and large topological bandgaps. Due to the large optical near-field
enhancement and large life-time of plasmons in graphene metasurfaces, the THG
interaction of plasmonic edge states can be achieved in graphene metasurfaces at an
ultralow pump power based on a relatively large nonlinear coefficient. In the next

section, the main objectives of this thesis will be introduced.
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1.1 Main Objective of The Thesis

In this thesis, two main objectives have been formulated and specified: i) designing
topologically protected waveguides with required symmetry breaking, ii) applying
such topological waveguide into tunable and robust plasmonic nanodevices based
on the fact that light propagation of topological edge modes shows unidirectional

and scattering-free characteristics against induced disorders.

The necessary condition to achieve a topologically protected edge mode is to
break the time-reversal or spatial inversion symmetry of the system. To meet this
challenge, for the first objective of designing a topological photonic waveguide,
I will start from the periodic hexagonal array of holes in a monolayer graphene
plasmonic waveguide. The honeycomb lattice of graphene waveguide exhibits the
gapless Dirac cone at the corner of the Brillouin zone, which is protected by Cg,
point-group symmetry. To gap out the symmetry-protected Dirac cone and open a
nontrivial bandgap, the reduction of Cg, point-group symmetry is achieved by in-
troducing extra nanoholes. Based on the wave optics module of COMSOL, I will
numerically calculate the band diagram of the unit cell of the graphene nanohole
crystal with spatial-inversion symmetry breaking along the high-symmetry points
of the Brillouin zone. Specifically, the valley Chern number of bulk valley modes
below the bandgap at K and K’ valleys is computational evaluated based on the
Wilson-loop method. Furthermore, since the difference of the valley Chern number
across the domain-wall can be nonzero by a 7 rotation of a graphene nanohole crys-
tal, I will numerically compute the projected band diagram of a finite supercell with
a mirror-symmetric domain-wall interface. Additionally, the unidirectional charac-
teristics of the light propagation of topological valley edge mode will be computed

by the full-wave simulations.

In addition to the monolayer graphene plasmonic waveguide with spatial-
inversion symmetry breaking, we generalize the concept of layer degree of freedom
for a multilayer graphene system to reveal three important properties. First, the lat-
tice of different layers can belong to various point symmetry groups, which plays

a significant role in breaking the spatial-inversion symmetry of the whole multi-
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layer system. Second, the layer degree of freedom introduces an additional mirror
symmetry breaking between different graphene layers. Third, due to the additional
layer degree of freedom, topological modes with new layer-polarized characteristics
have been proposed in layered photonic crystals. As a result, the bilayer graphene
nanohole waveguide with a new layer degree of freedom will be systematically
studied and designed. First, the mirror symmetry breaking between the top and bot-
tom freestanding layers of graphene circular nanohole metasurfaces, is introduced
into the Dgj, point-group-symmetry protected double Dirac cones. Aiming to prop-
erly define the nontrivial bandgap, I will calculate the frequency band diagram of
bilayer graphene crystals over the entire Brillouin zone, which will clearly illus-
trate the transition between two Dirac cones of bilayer graphene metasurfaces from
weak to strong interlayer coupling. Following the same procedure of the monolayer
graphene system, I will present the projected band diagram of the bilayer graphene
waveguide with a mirror-symmetric domain-wall interface in which the topological
valley mode appears, and will show its chirality and unidirectional light propagation

under a circularly-polarized source.

Second, layered graphene metasurfaces with triangular nanoholes have been
proposed, which can introduce a new rotation degree of freedom compared with
bilayer metasurfaces composed of circular nanoholes. Starting from the monolayer
graphene triangular nanohole waveguide, I will analyze its band diagram with a
nontrivial frequency bandgap when the inversion symmetry of the graphene system
is reduced, which can be theoretically explained by solving the eigenvalue functions
based on a 2 x 2 effective Hamiltonian. Significantly, I will derive the effective
Hamiltonian of bilayer and three-layer graphene triangular nanohole metasurfaces
by taking the interlayer coupling between any two layers into account. The compar-
ison of the frequency dispersion curves near the K point calculated by the effective
Hamiltonian and COMSOL simulations will be present. Subsequently, I will quan-
titatively define and distinguish two quantized topological invariants of the layered
graphene metasurfaces, valley and layer Chern numbers, which are the linear com-

binations of valley Chern numbers of the bands below the bandgap around K valley.
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It will further be utilized to describe topological modes with valley-chirality-locked

and layer-polarized characteristics.

Taking advantages of the strong Kerr nonlinearity and tunable chemical poten-
tial of graphene, the second objective of tunable topological applications is fulfilled
on the proposed graphene nanohole metasurfaces. I will first describe the Kerr effect
in the monolayer graphene nanohole metasurface excited by a bulk mode, which
can uniformly change the refractive index of the whole graphene metasurface. To
quantitatively investigate the change of topological valley mode in response to the
applied bulk mode, the projected band diagram under different pump powers will
be computed, and I will demonstrate an active all-optical switch based on the fact
that the frequency change of bandgap via Kerr effect can switch a topological in-
terface mode into a leaky bulk mode. Besides, since the Kerr effect can lead to a
frequency shift of the bandgap, I will quantitatively identify the wavevector mis-
match between topological mode and trivial edge mode inside the bandgap under
an increasing pump power, which can be extracted via three methods, the projected
band diagram, Fourier transform, and coupled-mode theory. Then, I will show
an efficient coupling between topological and trivial edge modes when the phase-
matching condition is fulfilled. Moreover, I will design a molecular gas sensor on
the proposed bilayer graphene metasurfaces, in which the frequency bandgap can
be tuned via the gas concentration absorbed onto the graphene metasurfaces. When
the topological mode is switched into a scattered bulk mode, the transmission of the
topological interface mode will be rapidly reduced, and the quantitative relation be-

tween the transmission and gas concentration in the environment will be estimated.

1.2 Outline

In Chapter 2, I will present the background theory of photonic crystals, optical prop-
erties of graphene, physical background and reviews of remarkable works about
topological photonics. Starting from Maxwell’s equations, I will introduce the
band structure of photonic crystals with periodic electric permittivity. To illustrate

graphene as an ideal platform to possess topological edge mode, graphene will be
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systematically described by introducing its gapless electric band structure and op-
tical properties. Specifically, the linear and nonlinear optical response of graphene
will be demonstrated and summarized by its linear and nonlinear surface conduc-
tivity. Subsequently, I will describe the basic background of topological photon-
ics based on the discovery of the quantum Hall effect in solid state physics, espe-
cially, I will introduce the quantized topological invariant and topological nontrivial
bandgap. Finally, I will review the literature on time-reversal variant and invari-
ant topological insulators under the time-reversal and spatial-inversion symmetry

breaking, respectively.

Chapter 3 describes the proposed monolayer graphene nanohole plasmonic
crystal waveguide, which is designed by controlling the size of nanoholes
in a hexagonal unit cell to achieve the unidirectional light propagation of a
topologically-protected valley mode. Since the spatial-inversion symmetry break-
ing in graphene is easier to be realized than the time-reversal symmetry breaking
in graphene with an external magnetic field, the Cg, point group symmetry of
the graphene plasmonic waveguide can be reduced by tuning the size of extra
nanoholes. As a consequence, the symmetry-protected Dirac cone is gapped out,
which will be presented in the band diagram of the proposed graphene metasur-
face. Significantly, the topologically protected edge mode will appear inside the
nontrivial bandgap and its corresponding light propagation will show unidirectional

features.

The proposed monolayer graphene nanohole waveguide is further applied to an
active all-optical switch and a nonlinear mode coupler in Chapters 4 and 35, respec-
tively. By taking advantage of the large Kerr nonlinearity of graphene, the device
can be operated using low optical power and in a tunable manner in response to
an applied electric field. In Chapter 4, an active all-optical switch is achieved by
using a pump-probe configuration, in which a pump field injected in a bulk mode
of the metasurface is used to tune the photonic structure based on the fact that the
refractive index of graphene is uniformly tuned via Kerr effect. Under the excitation

source with a fixed frequency, the light propagation along the domain-wall interface
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can be switched from a topological interface mode into a leaky bulk mode, which
will be quantitatively described by the power-dependent transmission of the signal
mode. Importantly, I will show the change of required switching pump power if the

device is operated in the slow-light (SL) regime.

Chapter 5 further studies the influence of Kerr effect on the valley-Hall topo-
logical transport in the proposed graphene nanohole metasurface. Topological in-
terface modes and trivial edge modes of a specially designed graphene metasurface
can be coupled in a tunable and optically controllable manner, thus providing an ef-
ficient approach to transfer optical power to topologically protected modes. When
an optical pump propagating in a bulk mode of the metasurface is employed to tune
the band structure of the photonic system, consequently, the coupling coefficient
and wave-vector mismatch between edge and topological interface modes vary with
the pump power. This tunable coupling mechanism is particularly efficient due to
the large Kerr coefficient of graphene. Importantly, I will perform phase-mismatch
analysis using both ab initio full-wave simulations and a coupled-mode theory that
captures the main physics of this active coupler and observe a good agreement be-

tween the two approaches.

Chapter 6 studies and discusses the bilayer graphene system that possesses
plasmonic topological valley interface modes when the mirror symmetry of the
metasurface is broken by horizontally shifting the lattice of holes of the top layer of
the two freestanding graphene layers in opposite directions. I will first present the
symmetry-protected Dirac cone for the monolayer graphene metasurface. By intro-
ducing an additional graphene layer, the new degree of freedom like mirror sym-
metry breaking between two layers, can be utilized to achieve nontrivial bandgap
in the momentum space. In this configuration, the unidirectional characteristics of
light propagation of topological valley mode will be investigated in the domain-
wall interface of the bilayer graphene metasurface by the full-wave simulations in

COMSOL.

Chapter 7 applies the bilayer graphene metasurface into a chemically control-

lable molecular gas sensor, which is based on the topological unidirectional proper-
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ties of this metasurface using the fact that the Fermi energy of graphene varies upon
chemical doping. This effect induces a strong variation of the transmission of the
topological guided modes under the increasing gas concentrations absorbed onto
the graphene sheet, which can be employed as the underlying working principle of
gas sensing devices.

Chapter 8 proposes the layered graphene metasurfaces with triangular
nanoholes, and demonstrates a simple rotation of the triangular holes could make
a great contribution to the nontrivial frequency bandgap. Under specific rota-
tion angles of triangular holes in layered graphene metasurfaces, the topological
valley modes are distinguished by two different confinement characteristics, 1i.e.
chirality-momentum-locked and layer-polarized features. It is further quantitatively
proved by the defined layer Chern number and valley Chern number of the layered
graphene metasurfaces, which are computed by solving the eigenvalue problem
with the effective Hamiltonian.

The main conclusions of this thesis will be summarized in Chapter 9. Future

perspectives for extending this work are also included in this chapter.
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Chapter 2

Background

In this chapter, I will review the physical background of photonic crystals (PhCs),
graphene, and topological photonics. In Sec. 2.1, starting from Maxwell’s equa-
tions, an introduction of the band structure of PhCs will be presented. Then, in
Sec. 2.2, the electric band structure and optical properties of graphene, which is
mainly utilized as the underlying material in my thesis, will be illustrated. Finally,
in Sec. 2.3, the basic concepts of topological photonics, such as Berry connection,
Berry curvature, and Chern number, will be described by extending the background
theory of the quantum Hall effect (QHE) in solid-state physics. The main types of
topological photonic insulators under different symmetry-reversal breaking will be
classified and characterized. Specifically, the advances in time-reversal variant and
invariant topological insulators will be reviewed under the induced time-reversal

and spatial-inversion symmetry breaking, respectively.

2.1 Overview of Photonic Crystals

PhCs are artificial optical nanostructures formed by periodic arrangement of me-
dia with different refractive indices [1]. Due to the periodicity of high and low
permittivity, PhCs may allow light to propagate or may forbid it depending on the
periodicity of the PhCs and the wavelength of light waves. The dispersion relation-
ship of light waves has a band-like structure, which is called photonic band structure
[2]. The forbidden frequency ranges are called photonic bandgaps, and light or elec-

tromagnetic waves whose frequencies fall in the forbidden band cannot propagate
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[3].

2.1.1 Maxwell’s Equations

As light is a kind of electromagnetic field, the physical principle of optics and elec-
tromagnetic field dynamics can be described by four Maxwell’s equations. The

time-dependent macroscopic forms of Maxwell’s equations can be written as [4],

V'D(r7t) :p(r7t)a

V.-B(r,t) =0,

@2.1)
VxE(r) = —2BID,

ot
VxH(rt)=J(rt)+ aD;:’t),

where E and H are electric and magnetic fields, respectively. D is electric dis-
placement, B is magnetic induction, p is charge density and J is current den-
sity. Maxwell’s equations consist of four laws in differential form, Gauss’s law,
solenoidality of the magnetic induction, Maxwell-Faraday’s law, and Ampere’s law
in Eq. (2.1), respectively. In an electromagnetic material, the four macroscopic field
vectors, E, D, B, H, are related by the electric polarisation P and magnetisation M.

The relations are given as [4],

D(r,t) = E(r,t)+ P(r,1),

. 2.2)
H(r,t)= EB(r, t)—M(r,t),

where &) and g are the vacuum electric permittivity and the vacuum magnetic per-
meability, respectively. Moreover, the electric polarization P and magnetization
M are the vector fields that express induced electric dipole moments in a dielectric
material and induced magnetic dipole moments in a magnetic material, respectively.
In an isotropic medium, the electric polarization P and magnetization M are pro-

portional to the electric field E and magnetic field H, respectively, which can be
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expressed by,
P(r>t> = £0X€E(r7t)7

M(r,t) = poxmH(r,t),

(2.3)

where ¥, and y,, are the electric and magnetic susceptibilities of the medium, re-
spectively. Taking into account these relations, the electric displacement D and

magnetic induction B can be represented in terms of electric and magnetic fields,

D(r,t) = g&E(r,t) =€E(r,t),

B(r,t) = pou,H(r,t) = uH(r,1),

(2.4)

where linear parameter € = &)&, is the electric permittivity and u = o, is the
magnetic permeability of the medium, with the relative permittivity & = 1+ x, and

relative permeability t, = 1+ x.

Based on Maxwell’s equations, an important solution is formed to be transverse
plane waves propagating in an isotropic medium without sources. When p = 0 and

J =0, the curl of third equation Eq. (2.1) can be written as,
d
V><V><E(r,t):—LLEVXH(r,t)7 (2.5)

Inserting the fourth equation of Eq. (2.1) into Eq. (2.5), it can be expressed as,

2
88 E(r,1)

VXVXE(rt)=—u 52

(2.6)

Utilizing Laplace operator relation V2ZE =V(V-E) =V x (VX E) = -V x (VX E)
without a source (V- E = 0), Eq. (2.6) can be rewritten in the form of Helmholtz

equation,
J’E(r,t)

2
VZE(r,t)—pue P

=0, 2.7)

Considering a harmonic time-dependent transverse plane wave, the electric field for

a fixed frequency o is given as,

E(r,t) =E(r,0)e ' = E(w)e'*) (2.8)
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with k being the wave vector. Taking Eq. (2.8) into Eq. (2.7), one can obtain the

time-dependent Eq. (2.7) in frequency domain,

V2E(r,0) + peo’E(r,) =0, (2.9)
and then simplify it,

—kKPE(r,0)+ uew’E(r,0) =0, (2.10)
hence, the wave number can be expressed as k = \/LED = |/UpEon® = nwW/c =

/vy, where n is refractive index of the medium and v, is phase velocity.

2.1.2 Electrodynamic Theory of Photonic Crystals

In classical electromagnetism, the study of electromagnetic wave propagation is
based on Maxwell’s equations. As for periodic media, Bloch in 1928 [5] extended
the wave propagation analysis from one-dimensional (1D) to three-dimensional
(3D) PhCs. Bloch further studied the wave propagation and proved that the wave
could propagate without scattering in a periodic media, and only the imperfections

of the periodic structure cause scattering [6].

Considering a harmonic time-dependent transverse plane wave, the electric
field and magnetic field for a fixed frequency @ can be written as mode profiles
times complex exponential,

E(r,t) =E(r,w)e "
. (2.11)

H(r,t)=H(r,0)e ",
The optical periodicity of PhCs is defined by the periodic dielectric function,
g(r) = € (r+R), where the primitive lattice vector R indicates periodicity in three
dimensions. With the assumption of the source-free system at a fixed frequency

o, inserting Eq. (2.11) into Eq. (2.1), Maxwell’s equations in frequency domain
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V-[e(r)E(r,0)] =0,
V-H(r,m) =0,
(2.12)
VXE(r,o)—iouH(r,0) =0,
VxH(r,o)+ioge(r)E(r,o) =0,
Simplifying Eq. 2.12, we obtain a propagation equation entirely for the magnetic

field,

V x (ﬁv < H(r, w)) - <§>2H(r, o), (2.13)

By solving Eq. (2.13) together with V- H = 0, it gives the magnetic field H (r, ®),
which then can be utilized to solve for the electric field,

i
" wee(r)

E(r,0) V x H(r, ), (2.14)

Eq. (2.13) entirely in magnetic field can be regarded as a eigenvalue equation where
H and (%) 2 are eigenfunctions and eigenvalues, respectively. Based on the periodic
arrangement of atoms in the crystal, the concepts in solid state physics, like recip-
rocal space, Brillouin zone, and dispersion relation, are introduced to PhCs. Since
the lattice of a crystal can be represented in the real and reciprocal spaces, the pe-
riodicity of permittivity R in PhCs can be related to the periodicity of wave vector
k in the reciprocal space. Based on the Bloch’s theorem, the Bloch function can be

used to express eigenfunction H by a periodic function,

H(r,0) = * u(r,0), (2.15)

where ¢*7 is a plane wave phase shift term and ug(r,®) = ug(r + R, ®) is a peri-

odic function and has the same periodicity as the crystal structure, which is a key
function defining the wave propagation by multiplying a plane wave phase term.
Wave vector k is periodic, k = k + G, in the reciprocal space, where the primitive
reciprocal lattice vector G is related to the primitive lattice vector R and the relation

satisfies R;- G; = 2mé; ; (i, j = 1,2,3). Consequently, the k in the primitive cell
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could represent all the eigensolutions in the reciprocal space.

The first Brillouin zone (FBZ) is defined in a reciprocal region of the primitive
cell. Hence, band structures outside the FBZ are repeated bands in FBZ so that the
dispersion relation in FBZ fully provides all the band information and generates the
band diagram. Interestingly, if the periodic structure has a certain symmetry, like
mirror- or inversion-symmetry, the FBZ can be simplified to an irreducible Brillouin
zone. The Bloch state in Eq. (2.15) satisfies Maxwell’s equations, and Eq. (2.13)

now changes,

o (k)

c

2
(V4 i) X —— (V4 ik) x g (r, @) = ( ) e (r, ), (2.16)

e(r)

At different Bloch wave vector k, Eq. (2.16) generates different and discrete set of
eigenvalues w, (k). Importantly, the relation in eigenvalue function ®, (k) indicates
the band structure of the nth band. In addition, based on the periodic boundary con-
ditions of Eq. (2.16), the eigenvalue functions can be simplified and solved in a unit
cell of the PhC. The region where there is no eigensolution for any wave vector k,
is called a photonic bandgap of the PhC, so that the corresponding frequency shows
the cut-off frequency domains. If the periodic permittivity in PhCs is regarded as
a periodic crystal potential in this eigenvalue function, the photonic bandgap can

appear due to the influence of the periodic potential.

2.1.3 Band Diagrams of Photonic Crystals

The propagation of electromagnetic waves and the emerged bandgap in a periodic
structure is a significant and fundamental theoretical concept used in our project.
In photonics, periodic media could possess frequency bandgaps, where the light
inside the bandgap cannot propagate through the periodic structure. Rayleigh firstly
studied the electromagnetic field propagation in one-dimensional PhCs in 1887, the
periodic planes show an angle-dependent bandgap where the light propagation is
blocked [8]. After that, periodically structured PhCs that are periodic in one, two,
and three directions were introduced by Yablonovitch in 1987 [9]. Such one-, two-

and three-dimensional (1-, 2-, and 3-D) PhCs have been widely studied in relation
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to electromagnetism and solid state physics, fabrication, and applications.

1D 2D 3D

(@) (b) (c)

Figure 2.1: Schematic of PhCs with a periodic arrangement of permittivity along different
directions. From (a) to (c), one-, two-, and three-dimensional PhCs show the
periodicity of permittivity along one, two, and three directions, respectively.
Reproduced from Ref. [10]

As schematically shown in Fig. 2.1, 1D, 2D, and 3D PhCs are defined by the
direction of the periodic arrangement of permittivity, and different colors indicate
different permittivity of the medium. For 1D PhCs, the multilayer film composed
of alternating layers with different permittivity has been widely studied, and the
band diagrams of the multilayer film consisting of three different permittivities are
shown in Fig. 2.2. The Brillouin zone is from —7/a to 7/a and the diagram of
a uniform film is given in Fig. 2.2(b). When the permittivity difference between
two alternating layers is introduced (see Fig. 2.2(c)), no mode is allowed inside the
yellow region, so that a photonic bandgap separating the top and bottom frequency
domains appears at the edge of the Brillouin zone (k = +7/a). Figure 2.2(d) in-
dicates a wider photonic bandgap when the difference in permittivity between two
alternating layers is increased.

Two-dimensional PhCs are composed of the periodic arrangement of media
with two different permittivities in two directions. The lattice constant has the same
order of magnitude as light wavelength; e.g., the lattice constant of PhCs operating
in the microwave regime is typically in the millimeter range, which makes fabri-
cation easier. Figures 2.3(a)(b) illustrate the band diagrams of two common types

of 2D periodic PhCs with a square lattice of dielectric-rods and air-holes with the
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Figure 2.2: (a) Schematic of one-dimensional multilayer film with periodic permittivity ar-
rangement along the z direction. The permittivity of alternating blue and green
layers is €] and &, respectively. Band diagrams of 1D multilayer film (b) with
uniform permittivity (€; = &), (c) with slightly permittivity difference between
alternating layers, and (d) with increasing permittivity difference between two
alternating layers. Reproduced from Ref. [10]

same lattice constant @ and permittivity of the dielectric medium, respectively. The
right insets show that the 2D PhCs are aligned along the x-axis and y-axis, while
it is homogeneous along the z-axis. The frequency is expressed as a dimensionless
ratio, and the TE and TM bands are marked by red and blue curves, respectively.
The band diagram of the square array of dielectric cylinders only has a complete
bandgap [blue domain in Fig. 2.3(a)] for TM modes, while the band diagram of the
square array of air square holes only has a complete bandgap [red domain in Fig.
2.3(b)] for TE modes. To obtain a complete bandgap overlap between TE and TM

modes, the 2D PhCs with a hexagonal array of holes in a dielectric medium has
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been introduced, and the corresponding irreducible Brillouin zone contains three
high symmetric points (I', M and K). For example, in Fig. 2.3(c), the bandgap be-
tween the first and second TE bands overlaps with the gap between the second and

third TM bands, resulting in a relatively large complete bandgap for all polarization.
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Figure 2.3: (a) Band structure of a two-dimensional square array of cylinders with radius
r = 0.2a and permittivity € = 8.9 (right inset) along high-symmetric points I,
X and M in the square Brillouin zone (left inset). The blue curves represent
TM modes and the red curves represent TE modes. (b) Band structure of a
two-dimensional square array of air square holes in dielectric slab with thick-
ness 0.165a and permittivity € = 8.9 (right inset). (c) Band structure of a two-
dimensional hexagonal array of circular holes in dielectric slab with the radius
of holes r = 0.48a and permittivity € = 13 (right inset) along high-symmetric
points I', M, and K in the hexagonal Brillouin zone (left inset). Reproduced
from Ref. [10]
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The emergence of a photonic bandgap is highly dependent on the parameters,
like the permittivity difference between two media, lattice structure, and the fill-
ing ratio between different media in the lattice. To be more specific, it is easier
to achieve a photonic bandgap if the permittivity difference between two different
electric media is larger. For 2D PhCs, the lattice with a hexagonal array of air
holes may perform better than a square lattice, and 2D PhCs exhibit different band
structures for TE and TM modes [11, 12]. Due to the difficulty in fabrication, the
research on three-dimensional PhCs is somewhat behind that on two-dimensional
PhCs. Even in the semiconductor industry, there is no reliable method for manufac-
turing three-dimensional PhCs. Taking advantage of light transmission features in
PhCs, like low loss, total internal reflection, and low group velocity at the edge of
the bandgap, PhCs have been broadly applied in photonic crystal mirrors [13], opti-

cal sensors [14], and photonic crystal fibers with better transmission characteristics
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[15].

2.2 Introduction to Graphene

Graphene is a one-atom-thick allotrope of carbon with sp? hybridization consisting
of a single layer of atoms arranged in a two-dimensional honeycomb lattice nanos-
tructure, which was experimentally discovered and isolated by Geim and Novoselov
[16]. The remarkable properties of graphene have made it a valuable nanomaterial
and have attracted increasing attention, as it has the thinnest thickness, exceptional
tensile strength, high electrical conductivity, high thermal conductivity, and optical

transparency.

2.2.1 Band Structure of Graphene

Since carbon has four valence electrons, in the case of a superposition of the 2s
and two 2p orbitals, three valence electrons are used for the sp? bonds in graphene.
The orbitals form a trigonal planar structure with a formation of a ¢ bond between
carbon atoms, which leads to carbon atoms in graphene as a honeycomb lattice,
as shown in Fig. 2.4(a). The two inversion-symmetric triangular sublattices (A
and B) are marked by black and white circles, respectively. Due to the opposite
directions of nearest neighbours of sublattices A and B, the honeycomb lattice is

not a Bravais lattice because two neighbouring sites are not equivalent, and can

@ : A sublattice O: B sublattice

Figure 2.4: (a) Honeycomb lattice of graphene. a; and a; are basis vectors of the primitive
unit cell. The vectors 81, 8,, and 83 connect carbon atoms with a lattice con-
stant a. (b) Graphene reciprocal lattice and the first Brillouin zone (FBZ) within
it. @] and a; are basis vectors of the reciprocal lattice. The center, corners, and
centers of edges in the FBZ are indicated by I', K and M, respectively.
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be viewed as a triangular Bravais lattice with a two-atom basis (A and B). The
reciprocal honeycomb lattice with respect to the triangular Bravais lattice, which
is defined with basis vectors aj and a; satisfying a; - a; = 276, (i,j = 1,2), is
depicted in Fig. 2.4(b). The FBZ represents a set of inequivalent points in the
reciprocal space, where I', K, and M are the center, corner, and edge center of the
FBZ, respectively. Specifically, among six corners, only two corners K and K’ are
inequivalent based on the fact that other corners can be obtained from K and K’ by
adding 2aj or 2a;.

Due to the unaffected 2p, orbital hosting the fourth valence electron, the &
band between neighboring carbon atoms is half filled. In this way, the band struc-
ture of graphene corresponds to the dispersion of bonding and antibonding molecu-

lar orbitals, namely 7 and 7* bands. The tight-binding Hamiltonian for 7 electrons

(@) (b)

Energy

Figure 2.5: (a) Energy dispersion over the whole Brillouin zone for & (lower surface or
valence band) and (upper surface or conduction band) 7* bands of graphene.
(b) Electric band structure of graphene along the high-symmetry points of FBZ.
Reproduced from Ref. [17].

in graphene is considered by ¢ nearest-neighbor hopping energy (hopping between
different sublattices) and #’ next nearest-neighbor hopping energy (hopping in the
same sublattice). The eigenenergies dispersion derived from tight-binding Hamil-

tonian are,
Ei(k) = +0\/31 f(k) — 1 f(K), 2.17)

with f(k) = 2cos (v/3kya) + 4cos (‘/Tgkya> cos (3ka). Because each 7 electron
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may occupy either a spin-up or a spin-down state, the plus sign applies to the con-
duction band and the minus sign indicates the lower valence band. The energy
dispersion in the whole FBZ and along the high-symmetry points is shown in Figs.
2.5(a) and 2.5(b), respectively. The 7 band touches the 7* band at the corners of
the FBZ (K and K’), and this unusual electronic band structure is called Dirac cone
where the energy of the valence and conduction bands are not equal anywhere in
the k-space, except at the zero-dimensional Dirac points (K and K’). Therefore, the
Fermi level is situated at the Dirac points. To gain a deeper insight into the energy
dispersion around the Dirac points, the energy dispersion around the K or K’ was

obtained by Wallace [18],

Ei(q) ~+vrlq|+0[(q/K)*], (2.18)

where g is the small momentum measured relatively to the Dirac points with | K| >>
|q| and vy = —32’—;? is the Fermi velocity with a value of vp ~ 1 x 10°m/s. As
indicated in Fig. 2.5(b), the linear energy dispersion around the Dirac points K
and K’ can be described by the massless Dirac equation. In this way, within the

semiclassical approximation, the cyclotron mass m™ is defined as [17],

] [aA(E)

— ) 2.19
aE :|E—EF ( )

:27r

where A(E) = ng*(E) = 7115—22 Combining Eq. (2.18) and Eq. (2.19), the cyclotron
F

mass of graphene is rewritten as,

Er k
m' = =" (2.20)
VF VF

Based on the energy dispersion of graphene at Dirac points, it is useful to define
an effective tight-binding Hamiltonian of graphene. The Schrédinger equation is
H(k)|¥r) = E(k)|¥g). Due to the two opposite signs of eigenvalues E (k) in Eq.

(2.18), the effective Hamiltonian of graphene is described by a 2 by 2 Hamiltonian
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matrix,
3ta 0 ky — ik,

H(k) = —>—
2h \ky+ik, 0

= VpG-q (2.21)

where the wavevector g is measured from the Dirac points and Pauli matrix
6 = (0y,0y) describes “spin up” and “spin down” states of two sublattices of the

honeycomb lattice.

2.2.2 Optical Properties of Graphene

Optical Absorption

In addition to the linear dispersion relation of quasiparticles in graphene,
graphene has remarkable optical properties as well. For example, the optical ab-
sorption in graphene depends only on the fine-structure constant &¢ = ,f;—zc =1/137,
with an absorptivity of about 7o = 2.3% over a wide wavelength range, making it
almost transparent [19]. In the thickness range of several layers of graphene, the
absorption rate increases by 2.3% for each additional layer of graphene. Large-
area graphene films also have excellent optical properties, which usually vary with
the thickness of graphene. This is the unusual low-energy electronic structure of
monolayer graphene. Applying an external magnetic field, one can tune the optical
response of graphene up to the terahertz range [20].

To control the optical properties of graphene, the use of doping is considered to
be one of the most practical methods, which can tune the Fermi level or even open
a bandgap. Specifically, common methods of doping are achieved by heteroatom
doping, chemical modification strategy, and the method of electrostatic field tun-
ing. For example, by applying a voltage to a dual-gate bilayer graphene field-effect
transistor at room temperature, Zhang et al. [21] demonstrated gate-controlled tun-
able electronic bandgap of bilayer graphene between 0 and 0.25eV. Schedin et al.
[22] showed a linear relation between chemically induced carrier concentration in
graphene and gas molecules (NO,) attaching to graphene’s surface, as a method of
chemical doping. The tunability of graphene makes it a promising material not only
for sensing applications but also for other tunable integrated optical applications

where its sensitivity upon external electric or magnetic field is required.
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When the intensity of the incident light exceeds a certain critical value, the
optical absorption of gapless graphene will reach saturation. This nonlinear optical
behavior is called saturable absorption, and the threshold is called saturable flu-
ency. Due to Pauli blocking, the energy of photons less than two times the Fermi
energy (2Er) cannot be absorbed. With increasing input light, carriers accumulated
in the conduction band are increasing, which can inhibit the excitation of carriers
in return. Given strong visible or near-infrared excitation, graphene can easily be-
come saturated because of its wideband optical absorption and gapless properties.
This property allows graphene to be utilized in passively mode-locked lasers for
the generation of ultrafast pulses with high peak power, which was proposed in the

telecommunication band by Bao et al. [23].
Permittivity of Graphene

The optical properties of graphene are best described by its permittivity. As
a 2D material, the optical properties of graphene can be characterized by conduc-
tivity ¢ as a function of frequency, temperature and chemical potential [24]. If
we assume graphene is in the xy plane as a 2D material, the components of con-
ductivity that contain z-axis cancel. As a result, the surface conductivity tensor of
graphene is a 2 x 2 tensor that only contains four xx, xy, yx, yy conductivity compo-
nents. Therefore, the surface conductivity tensor which incorporates the graphene

magneto-optical effects is given by [25, 24],
o= | % M| (2.22)

—O0y Oy,

where o, and oy are the longitudinal conductivity and the Hall conductivity, respec-
tively. Based on the Drude model at room temperature and for frequency below the

mid-infrared region, the longitudinal and Hall conductivity can be written as [26],
l-iot

—-5 , 223
T @) 1 (1 iw7)? 229

(0:7)*+ (1 —iwt)*

Oog=0

(2.24)
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where frequency-independent & part is given by,

_ 2e°tkgT Ue
= ————In|2cosh 2.25
c e { cos (ZkBT)} , (2.25)

where T is the temperature, 7T is relaxation time, e is the electron charge, kp is
the Boltzmann constant, and 7/ is the reduced Planck’s constant. A basic optical
parameter of graphene, chemical potential u. = hvp./nom = Ef is determined by
the Fermi velocity vr and carrier density ng. The chemical potential of ideal pure
graphene at any temperature is at the crossing of the bands. With the help of the
gate voltage or chemical doping, one can control the carrier density ng varying their
chemical potential. Moreover, @, ~ eB,v% /Ul is the cyclotron frequency which
is generated by the z-axis magnetic field B, and will vanish if there is no external

magnetic field. Note that Hall conductivity is induced by an external magnetic field.

For the case when the frequency is above the mid-infrared region, within the
random-phase approximation [27], the general conductivity formula of graphene
without an external magnetic field can be expressed as the sum of intraband and
interband contributions, namely 67 = Gjurq + Ojnrer- The intraband conductivity is

given by electron-photon scattering processes [28, 29],

kTt { Ue

He
= 2In(e %7 41 2.26
nh*(1—ioT) kBTJr n(e o )]’ (2.26)

O-intra(w)
For interband conductivity, direct interband electron transitions generate interband
conductivity, which is much smaller than the intraband term at room temperature
and for frequency below the mid-infrared region. The interband conductivity at
room temperature (. >> kpT) can be approximated as [28, 29],

_ie? . 2] — (@ +it™HA
CdArho 2y + (@ +itTHR]

Ointer(®) (2.27)

In computational modeling, the material permittivity is usually related to the bulk
conductivity rather than effective surface parameters in 3D simulation. Therefore,

the effective thickness of graphene is considered to calculate the bulk conductiv-
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ity op, which can be simply described as o}, = o /h.rr and h,yy is the effective
thickness of graphene. The permittivity of graphene could be described in terms of
conductivity, and the relation is given as follows,

10} ior,

&gE=1+—=1 2.28
g =1t g0 + g0 Whe s’ (2.28)

In consequence, the graphene permittivity is simplified and in dependence on the
frequency w, which defines the dispersion properties of graphene. Hence, the opti-
cal properties of graphene are described by its electric permittivity &, which can be
evaluated by inserting the surface conductivity Eq. (2.27) and (2.26) into Eq. (2.28)
[30],

2 — . 2
e E—io ie“kpTT U _ e
£, = 1— 1 - 21 ( T 1) ,
§ 4eymhohyg n(§+zﬁ) +eo7th2wwhg [kBT Feinle ]
(2.29)

where  is the frequency, @ = 1 —i®t, and & = 27|u.|/.
Graphene Plasmonics

Graphene physics and plasmonics have many common areas. Surface plasmon
polaritons (SPPs) are electromagnetic surface waves, which are generated by the
oscillation of free electrons in metal and propagate in the form of electromagnetic
waves along the interface between a metal and dielectric medium configuration. The
unique properties of SPPs, like sensitivity to the local interface and subwavelength
localization, break the diffraction limit and lead to potential applications of new
integrated photonics devices [31]. Plasmonics in graphene are attracting increas-
ing attention, chiefly due to graphene tunable and adjustable intrinsic plasmons at
different frequency ranges, based on the fact that electrically tunable plasmonic res-
onance can be easily achieved by varying the carrier density of graphene [32]. In
addition, the combination of graphene with traditional noble-metal nanostructures

can realize novel plasmonic applications with tunable characteristics.

By solving Maxwell’s equations for electromagnetic waves at graphene inter-

face, and selecting appropriate continuity boundary conditions for the fields, we
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obtain the plasmon dispersion of graphene in terms of its conductivity [33],
—2rigo(w) = o, (2.30)

where wave vector ¢ = \/k? — (0/c)?. Based on Eq. (2.26) and (2.27), under the
condition of @ >> 7~!, this equation gives the dispersion solution when the intra-
band conductivity is dominant. Considering only the intraband surface conductivity

of graphene, the resonance frequency of graphene is given by [34],

8e’kpT
w2 = %m [2cosh(pe/2kgT)] , (2.31)

1/

Based on the definition of chemical potential . o n 2 at low temperatures, the

plasmon frequency is peculiarly dependent on the carrier density, and scales like
1/4
Now, we review the experimental observations and research of tunable intrinsic

plasmons in graphene metasurfaces.
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Figure 2.6: Tunable infrared plasmonic graphene-based devices. (a) Plasmon extinction
in transmission of the stacked graphene/insulator microdisk array with one,
two, and five graphene layers, marked by grey, red and green rectangles, re-
spectively. The left inset indicates the SEM image of the proposed stacked
graphene/insulator microdisk array arranged in a triangular lattice. (b) Normal-
ized carrier density dependence of the normalized plasmonic resonance fre-
quency, determined for graphene/insulator microdisk array (grey) and single-
layer graphene (red), respectively. Reproduced from Ref. [32]

As indicated in Fig. 2.6, Yan et al. [32] experimentally demonstrated direct in-
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teraction of localized graphene plasmons with infrared light. This was demonstrated
using transparent photonic devices composed of a stack of graphene/insulator mi-
crodisk array arranged in a triangular lattice, which can be tuned by parameters
like the diameter d of the microdisk, the lattice constant a of triangular lattice,
the number of graphene layers. Specifically, Figure 2.6(a) indicates that the reso-
nance frequency shifts upwards as the number of graphene layers in the patterned
graphene/insulator stacks increases, in the meantime, the peak intensity increases
significantly with the increment of the graphene layer. Moreover, the total carrier
density of the plasmonic devices can be tuned by increasing the number of graphene
layers in stacked graphene/insulator microdisk, and its relation with a plasmonic
resonance frequency determined for single graphene layer and graphene/insulator
stack is given in Fig. 2.6(b). The plasmonic resonance of a single graphene layer
follows the @, o< n(l)/ 4 dependence, while the enhanced plasmonic resonance of the

1/2

patterned graphene/insulator stack indicates ny'~ carrier density dependence. In
addition, they showed the potential applications of graphene/insulator stack as a
widely tunable far-infrared notch filter with 8.2 dB rejection ratio and Terahertz lin-

ear polarizer with 9.5dB extinction ratio.
Nonlinear Optical Properties of Graphene

Nonlinear optics refers to the nonlinear response properties of light in a nonlin-
ear media, such as frequency, polarization, and phase of incident lights [36]. Non-
linear optical properties are typically observed under the interaction with strong
coherent light such as lasers. The electric polarization generated by the medium
depends on the incident electric field. Under a low light and matter interaction, the
high-order terms of electric polarization can be ignored because the high-order coef-
ficients are extremely small compared with linear coefficient, so the linear relation-
ship between electric polarization and electric field can be approximated. However,
under the interaction with a strong laser field with high intensity, the high-order
term of the electric polarization cannot be ignored, and nonlinear effects appear.
These nonlinear interactions give rise to a number of optical phenomena, such as

frequency-mixing processes, optical Kerr effect, cross-phase modulation, and multi-
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photon absorption [36, 37].

The standard semiclassical description of nonlinear optical response is based
on Maxwell’s equations in Eq. (2.1), including nonlinear dependence of the electric
polarization, P, on the applied electric field with nonlinear electric susceptibilities.

The nonlinear electric polarization can be described by a Taylor series [36],
P(rvt) = SOX(I)E(r7t) + €0X(2)E2<T,Z) + 80%(3)E3(r7t) +-- (2.32)

where )((1) is the linear electric susceptibilities, and the quantities x(z) and ) are
the second- and third-order nonlinear electric susceptibilities, respectively. To be
more specific, the linear susceptibility 2 is responsible for the common refractive
index of the medium; the second-order nonlinear susceptibility )((2) could generate
second-order effects such as the SHG process; and the third-order nonlinear sus-
ceptibility %) could describe phenomena, like third-harmonic generation (THG)

process, four-wave mixing (FWM) process and an intensity-dependent optical Kerr

effect.
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Figure 2.7: From leftmost to the rightmost panels, energy level scheme of SHG, THG, and
FWM processes.

We show in Fig. 2.7 the photon energy level of three different harmonic gen-
eration processes. The applied field frequency is called the pump frequency @), the
desired output frequency is called the signal frequency @y, and the other, unwanted,
output frequency is called the idler frequency w;. Specifically, the SHG process
contains two photons in the nonlinear interaction with applied pump ®, and gener-

ated signal @y. Similarly, the interaction between three photons of energy @, leads
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to an output signal @y in the THG process. If two different optical frequency com-
ponents (pump and signal) propagate together in a nonlinear medium with a x (3)
coefficient, pump ®, provides amplification for a signal frequency component @;
and generates an idler frequency component @; as well, which is called degenerate

FWM [see Fig. 2.7(¢c)].

Based on the tunable photonic properties of graphene, the nonlinear processes
in graphene including nonlinear absorption [38], nonlinear refraction [39], THG,
FWM process [40], and optical Kerr effect [41] have also been widely studied, espe-
cially the aspects of excitation methods of various lasers, broad frequency domain,
and multiple graphene layers. For two-dimensional materials, similarly to the linear
optical properties of graphene which can be described by its permittivity in terms
of surface conductivity, the nonlinear optical response of graphene can generally be
described by nonlinear surface conductivity tensors. Since the second-order non-
linear optical process can occur only in noncentrosymmetric crystals, graphene as a
centrosymmetric material, exhibits THG and a strong optical Kerr effect with large
third-order nonlinear susceptibility. The third-harmonic (TH) surface conductivity

tensor of graphene can be expressed by [42],

o9 _ ioo(fvre)” < o ) , (2.33)

487 (hiw)* " \2EF

In this way, the bulk nonlinear conductivity of graphene can be evaluated in terms
of surface conductivity and effective thickness as o) = 63(3) /hesr, which is closely
related to the bulk third-order nonlinear susceptibility ¥®) of graphene. Since the
nonlinear susceptibility is usually measured in experiments, we define the nth-order

nonlinear susceptibility [42],

-1 G0 2.34
% 8()11(!)be ) ( . )

where Glgn) is nth-order nonlinear bulk conductivity, the @y is the fundamental fre-

quency, and noy represents the frequency at nth-order harmonic. The nonlinear

susceptibility is a complex valued physical quantity, and it can be measured by ex-
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perimental techniques, like Z-scan [43], FWM [40], harmonic generation [44], and
pump-probe [45]. The nonlinear absorption, like saturable absorption, is related to
the imaginary part of the third-order nonlinear susceptibility, while the real part of
the third-order nonlinear susceptibility of graphene plays a significant role in non-

linear optical processes such as THG and optical Kerr effect.

Due to large optical near-field enhancement and large life-time of plasmons in
graphene metasurfaces, strong nonlinear interactions can be achieved in graphene
metasurfaces at an ultralow pump power in a wide range of wavelengths based on a
relatively large nonlinear coefficient. The real part of )((3) is responsible for nonlin-
ear changes in the refractive index, and it causes a variation in the refractive index of
graphene which is proportional to the intensity of the applied light, namely, Kerr ef-
fect. Zhang et al. [39] measured a giant nonlinear refractive index ny = 10~’cm? /W
of graphene by Z-scan technique at 1.55 um, which is almost 9 orders of magnitude

larger than bulk dielectrics.

To summarize, the optical properties of graphene make it as an ideal 2D
platform to achieve plasmonic and other optical modes. Firstly, the tunable
and large chemical potential (Fermi energy) u. = hvrp\/nom with Fermi veloc-
ity vip = 9.1 X 105m/ s [46], is determined by tunable and large carrier densities
ny ~ 10" — 10'* cm=2 [47], which can be electrically and chemically tuned by
gate voltage and chemical doping, respectively. Since graphene is a tunable opti-
cal material, the terahertz to the mid-infrared frequency range of graphene plasmon
polaritons is more widely applied than the noble metal plasmons at low-frequency
range. This property makes graphene a promising material for precise and tunable

plasmonic devices and sensing applications.

Secondly, electrons in graphene have tunable and small Drude mass, m* =
Er/ va. Under an external magnetic field, it contributes to an ultrahigh cyclotron

frequency @, = eB/cm* = eB,v% /cEF up to Terahertz range.

Thirdly, due to a relatively large nonlinear coefficient, THG and optical Kerr
effect can be realized in graphene metasurfaces at an ultralow pump power, which

can lead to tunable nonlinear optical processes in graphene-based materials by con-
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trolling the light intensity.

Fourthly, graphene has an extremely large relaxation time T which can be
achieved via high-quality graphene fabrication [48]. It has been demonstrated that
the lifetime of graphene plasmons can be increased to 50ps if graphene is under a
strong static magnetic field [49]. The large relaxation time significantly reduces the
imaginary part of permittivity of graphene, which leads to long light propagation

length in graphene with low energy loss.

2.3 Topological Photonics

Research in topological photonics, inspired by the theory of QHE in solid-state
physics, has led to the discovery of novel and unique phenomena, such as uni-
directional, defect-immune, and scattering-free propagation of light [50, 51, 52],
which have the potential to contribute to the development of robust on-chip ultra-
compact nanophotonic devices. Currently, a variety of experimental platforms are
available for topological photonics, including metamaterials, PhCs, evanescently

coupled waveguides, and optical-ring resonators [52].

Photonic topological phases are the classical electromagnetic wave analogs of
electron topological phases studied in condensed matter physics. Klitzing et al.
firstly proposed the integer QHE in 1980 [53]. When an external magnetic field is
applied and perpendicular to the current flow of an electrical conductor, the Hall
effect is the generation of a voltage difference (Hall voltage) across the electri-
cal conductor transverse to the current flow due to the Lorentz force, and the Hall
conductance (ratio between channel current and Hall voltage) is proportional to
the strength of applied magnetic field. Differently, Klitzing et al. demonstrated
that two-dimensional electron gas under a strong external magnetic field shows the
corresponding Hall conductance being independent on the external magnetic field,
which exactly equals to e?/hC, with C, being an integer [54]. Moreover, under
the action of the driving force provided by the confining potential, strong magnetic
fields lead to a suppression of both elastic and inelastic backscattering of the uni-

directional movement of electrons along the edge of the electric system, and the
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unidirectional propagation direction is dependent on the incident direction of exter-
nal magnetic field. Significantly, the integer quantity of Hall conductance is exactly
equal to the number of scattering-free states propagating along the edges.

By referring to the concept of topological invariant under a continuous change
in topology, the number of scattering-free edge states is defined by a topological
invariant, Chern number C,. In other words, if the Chern number of a system is
nonzero, which is topological nontrivial, the corresponding number of edge states
with unidirectional and scattering-free characteristics is called topological edge
states. In contrast, the system with a zero Chern number is topologically trivial.
To realize a topologically nontrivial system, the breaking of inversion symmetry is
an inevitable requirement. In the system with QHE, an external magnetic field is
the key factor to break the time-reversal symmetry of the system.

Moreover, another interesting effect of a new 2D topological phase, the quan-
tum spin-Hall effect (QSHE) in the presence of time-reversal symmetry, was pro-
posed by Kane and Mele in 2005 [55, 56]. They demonstrated the spin-Hall ef-
fect with zero Chern number by introducing the binary topological invariant Z;. In
this case, the binary topological invariant represents the Chern number and char-
acterizes the wave function. Each topological invariant is nonzero but the sum of
them can lead to zero Chern number. The simulation results show that the topo-
logical spin-Hall states are robust against disorders without an external magnetic
field. Moreover, Raghu and Haldane firstly studied the QHE edge states in peri-
odic PhCs [57, 58]. Through the time-reversal symmetry breaking via an external
magnetic field, two-dimensional Faraday-effect media exhibits a nontrivial photonic
bandgap. As a result, a topological edge mode at a frequency inside the bandgap
shows unidirectional propagation properties and is immune to backscattering and

disorder [58].

2.3.1 General Concepts of Topological Phases

In topology, the Gauss-Bonnet theorem expresses a relationship between surfaces
in differential geometry, which is the integral of a Gaussian curvature K. over the

entire surface S, of the continuum. Then, it is proved that the integral product of a
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closed surface is an integer multiplying 27, namely [ K.dS. = 2m).. The integer
X called topological invariant is related to the genus of the surface, which makes it
possible to define different topologies. In an electronic system, we can naturally in-
troduce similar integrals to calculate the topological invariants of different systems.
Before introducing such integrals, the object of the integral and the interval of the
integration should be defined. Firstly, based on the periodicity of the crystal lattice,
the first Brillouin zone is topologically equivalent to a torus. The basic geometrical
and topological properties of a single-particle Hamiltonian Hj in the momentum
space, such as the Berry connection, Berry curvature, Berry phase, and the Chern
number, are introduced. The Bloch’s theorem describes the eigenstates u, x(r) in

the momentum space obey periodicity condition and satisfy,
Hytty 1 (1) = Ey(k)u, 1 (1), (2.35)

where E, (k) is the energy dispersion of nth band, and the geometrical properties of
the nth band are described by how the eigenstate u,, x varies with k vector in the first
Brillouin zone [59]. This geometrical property can be quantitatively defined by the
Berry phase y [60].

v= JAL-dk (236)

where A} is the Berry connection, which is defined as,
Al = i(ty | Vit i), (2.37)

Note that the Berry connection is not gauge invariant under a gauge transformation

of |u, k) — (k) |uy, ), so that a gauge invariant Berry curvature is given by,

"= VXAl (2.38)
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Berry phase in Eq. (2.36) for a given closed path is gauge invariant modulo 27, so

that Chern number is defined as the integral of Berry curvature over the whole FBZ,

1

Cn:—/ QdS 2.39
7 87 k&9ks ( )

From this integral, if Berry connection AZ 1s continuous in the FBZ, the Chern num-
ber must be zero, which can be changed if Berry connection Ay is not continuous.
Moreover, the FBZ can be divided into two regions S and ', with the common

boundary as dS = —dS’. Equation (2.39) becomes,

1 1
cnz—f A"dk——f Aldk
2m Jos™ k 2m Jos K

1 (2.40)
=57 (r=7)

where ¥ and y' are the Berry phases along the contour of dS and 0.5, respectively.
Since Berry phases are calculated along the same path, the difference between them
will be multiples of 27, which indeed proves that the Chen number is an integer
[61]. Avron et al. [62] demonstrated that the Chern number must be strictly constant
under smooth perturbations, which preserves the bandgap separating nth band from
adjacent bands. Chen number is an important numerical value characterizing the
quantized collective behavior of the wave function, and it is the topological invariant
of quantum Hall insulators (QHI). Furthermore, Chern number can also characterize

the topological properties of a photonic system.

The Haldane model [63] was the first 2D condensed-matter lattice model that
proved to exhibit a nonzero quantization of the Hall conductance in the absence
of an external magnetic field. The model proved that breaking the time-reversal
symmetry is necessary to obtain the QHE. For a honeycomb lattice like graphene,
possessing Dirac cones in the electric band structure (see Fig. 2.5), the cone-like
electric band structure is generated by the linear crossing between the valence and
conduction bands at the Fermi level, and can be theoretically described by massless
fermions in the relativistic Dirac equation. Massless fermions lead to various QHE

in topological materials based on the fact that the additional mass term will open
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the nontrivial bandgap at the Dirac point.

For example, a Pauli matrix term o, can be introduced into the effective Hamil-
tonian of graphene [Eq. (2.21)], so that an energy gap will be opened at the Dirac
points and a nonzero Chern number of the band below the bandgap is obtained.
This o, perturbation term can be achieved by breaking time-reversal symmetry
or spatial-inversion symmetry, based on the fact that the gapless Dirac cones are
protected by the inversion symmetry of the crystal lattice [64]. It can also be ex-
plained by the zero Chern number of the system without inversion symmetry break-
ing. Then, when the time-reversal symmetry is present, the Berry curvature obeys
Q"(—k) = —Q"(k) in the FBZ, leading to the integral of Berry curvature (Chern
number) over the FBZ necessarily being zero. A new QSHE in a time-reversal in-
variant system with an energy gap that is generated by the spin-orbit interaction
was introduced by Kane and Mele in 2005 [55]. When an external magnetic field
is applied, the magnetic fields acting on the two spins are opposite, which causes
the Chern numbers of spin-polarized electrons for spin-up and spin-down to have
opposite signs. Therefore, the Chern numbers for each spin are nonzero while the
total Chern number of the system remains zero with the preserved time-reversal

symmetry.

To introduce these topological phases in a photonic system, PhCs play a signif-
icant role. PhCs periodically change the refractive index (or the dielectric constant
€), which is analog to the periodic distribution of atoms in crystalline materials with
an artificially created lattice. In this way, periodic structures and the Brillouin zone
of PhCs can be achieved. Similar to the formula for electronic systems, the electric
field in the photonic system is utilized to calculate the Berry connection and the
Berry curvature, which are integrated over the FBZ to obtain the Chen number. The
inversion symmetry breaking can be introduced to make the photonic crystal topo-
logically nontrivial. By referring to Bloch’s theorem, an effective periodic photonic
potential V(r) is added to the system, which can gap out a trivial bandgap due to
Bragg diffraction [51]. In topological systems, the symmetry breaking generates

the gauge-dependent Berry connection A} acting as a kind of vector potential in the
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Figure 2.8: Topological phase transition. (a) Comparison between trivial and nontrivial
periodic photonic waveguides formed by mirrors. (b) Transition between fre-
quency bands of trivial and nontrivial waveguides. (c) Band diagram of trivial
and nontrivial topological waveguide with interfacial states. AC represents the
Chern number difference between the mirror shown in Fig. 2.8(a). Reproduced
from Ref. [50]

wave function. Consequently, the gauge-invariant Berry curvature and Chern num-
ber can be explained as the magnetic field and the number of magnetic monopoles of
the Berry flux, respectively. Similarly, in the time-reversal invariant systems with
QSHE, the corresponding Berry connection, Berry curvature, and Chern number
appear in pairs with pseudospin up and pseudospin down. When the Chen number
is zero, it is proved that there is no Berry monopole in the FBZ when the inversion
symmetry is preserved, which is topologically trivial. Otherwise, nonzero Chern

numbers are topologically non-trivial [50].

Figure 2.8 summarizes the main types of topological phase transition in trivial
and nontrivial photonic waveguides. The bandgap of an insulator is similar to the

frequency gap of an optical mirror which reflects and can not transmit light in a
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given frequency range. As shown in Figs. 2.8(a) and 2.8(b), for a trivial waveguide
(left) with an interface formed by two mirrors with same topologies, both frequency
bands have zero Chen numbers, so they can be connected directly across the inter-
face with a topologically trivial frequency bandgap in which light cannot propagate.
For topologically nontrivial waveguide (right) formed by two different topologies,
their frequency bands cannot be directly connected, so that the frequency bandgap
is closed and the Chen number of the topologically nontrivial mirror becomes zero.
Meanwhile, the topological phase transition occurs at the interface where the gap
is opened again. Since the topological phase transition takes place at the interface,
there will be gapless edge modes at the interface, which are topologically protected.
In general, the number of gapless edge modes is equal to the difference of the Chern

numbers across the interface [51].

The property of edge modes inside trivial and nontrivial bandgaps is illustrated
in Fig. 2.8(c). In a trivial waveguide (left), there is no edge mode inside the gap
that traverses through the entire bandgap, so the bandgap still exists in the trivial
waveguide even if there is a certain edge mode. Moreover, the light of a trivial edge
mode at a fixed frequency is allowed to propagate in two directions with opposite
group velocities, and the phenomenon of backscattering can exist during the light
propagation. For the topologically protected waveguide, as shown on the right of
Fig. 2.8(c), propagating edge modes appear when a nontrivial frequency bandgap
opens. The frequency dispersion of the topologically protected edge mode inside
the bandgap traverses through the entire bandgap, which only allows light prop-
agating in opposite directions (positive or negative) along opposite edges (top or
bottom) of the system. Since the frequency dispersion of edge modes is spatially
separated, the scattering processes from one edge mode to the other edge mode
can be suppressed during the unidirectional propagation of these edge modes [52].
Specifically, the Chen number represents the number of unidirectional topologically
protected edge modes inside the bandgap. This remarkable property creates a range
of new opportunities throughout topological photonics, which makes it possible to

design and fabricate waveguides guiding scattering-free unidirectional light in a ro-
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bust manner.

Topological photonic modes could be achieved by gapping out symmetry-
protected Dirac cones. For example, time-reversal symmetry can be broken through
temporal modulation or magneto-optical effects under an external static magnetic
field, which is an analogue QHE. For time-reversal invariant photonic systems, field
symmetry or spatial-inversion symmetry breaking can be induced by spatial asym-
metric perturbations, which emulates QSHE or quantum valley-Hall effect (QVHE)
[65]. We will present and discuss in more detail the concepts of time-reversal sym-

metry and invariant time-reversal symmetry breaking.

2.3.2 Time-reversal Symmetry Systems in Photonics

Time-reversal symmetry breaking in photonic systems could be achieved in the
presence of an external magnetic field, and this effect can be considered as the
integer QHE in an electron gas. Hence, the topology of band structure can be quan-
tified by the integer-valued Chern number. Most of the experiments studied topo-
logically protected unidirectional propagation against back-scattering in magneto-
optical platforms.

In photonic systems, the magnetic permeability of the material can be changed
by introducing ferrite rods under an external magnetic field, which can realize
the analog QHE of photons. Wang et al. firstly conducted the experiment on a
magneto-optical photonic crystal at microwave frequencies and successfully real-
ized the QHE of the topological one-way edge waveguide in 2009 [66]. The sketch
of the experimental setup is shown in Fig.2.9(a). The array of ferrite rods is sand-
wiched between two parallel metallic plates under a uniform magnetic field, which
forms a gyromagnetic photonic crystal with confined 2D TM modes. By breaking
the time-reversal symmetry with a magnetic field related to the interface between
topologically protected waveguides and topologically trivial mirrors (air), a nontriv-
ial topological bandgap is opened and an edge mode emerges inside the bandgap, as
shown in Fig.2.9(b). Specifically, the number of edge modes in each bandgap and
their propagation direction are determined by the sum of the Chern numbers of all

bands below the edge mode. Figure 2.9(c) demonstrates that the corresponding light
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Figure 2.9: Two-dimensional magneto-optical photonic crystal generating a one-way edge
waveguide in the microwave domain. (a) Experiment setup of the magneto-
optical waveguide under a 0.2T magnetic field. The blue dots indicate the Fer-
rite rods that are sandwiched between two parallel copper plates. The metal
wall prevents the radiation loss into the air so that the 2D TM mode is con-
fined in the edge waveguide. (b) Projected dispersion of the TM mode band
(blue region), a topologically protected one-way edge mode (red line) appears
between the second and third bands. (c) One-way topological edge mode prop-
agation in the waveguide under a static magnetic field B. The unidirectional
light propagation is against a long metallic scatterer. (d) Transmissions of for-
ward and backward modes show non-reciprocal and robust properties of the
one-way topological edge mode. Reproduced from Ref. [66]

propagation is unidirectional and without back-scattering, which is independent on
the nature and strength of scatters or defects. In Fig. 2.9(d), the transmission of
the forward and backward propagating lights is measured. It is found that the in-
tensity of the backward propagating light was orders of magnitude less than the
forward propagating light, indicating that the light of topological mode is indeed
propagating in one direction.

Graphene is an attractive 2D plasmonic platform to realize relatively unex-
ploited topological propagation and integrated photonic devices from terahertz to
the mid-infrared regime, due to its tunable Fermi energy (chemical potential), ultra-

high cyclotron frequencies up to the terahertz range and long relaxation times [68].
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Figure 2.10: Band topology of the periodically patterned monolayer graphene under a static
magnetic field. (a) Schematic of the monolayer graphene metasurface, which
consists of a rhombic unit cell with a hole. (b) Band diagram along the high-
symmetry points of the first Brillouin zone (FBZ) under different magnetic
fields (B =0,1,4,8 T). Reproduced from Ref. [67]

Additionally, advances in nanofabrication techniques like electron-beam lithogra-
phy (EBL), scanning tunneling microscope (STM) lithography, or ultraviolet (UV)
lithography method, also make it possible to fabricate precise periodic topologically
protected graphene structures [69]. All these advantages can lead to a graphene-
based topological structure with high frequency, relatively large bandgap, long
propagation, and low loss [70]. Taking advantage of these remarkable properties,
the time-reversal symmetry breaking in 2D graphene platform, was theoretically
proposed via a static magnetic field by Jin ef al. in 2017 [67]. The proposed 2D
monolayer graphene metasurfaces consist of a periodic hexagonal array of holes,
as indicated in Fig.2.10(a). A perpendicular static magnetic field is applied and
breaks the time-reversal symmetry. Therefore, the symmetry-protected Dirac cones
are gapped out so that a nontrivial bandgap emerges at the frequency of a few tens
of terahertz. Figure 2.10(b) demonstrates that the nontrivial bandgap size increases
with the increasing magnetic field B. Consequently, a topological plasmonic edge
state emerges inside the gap and the light propagation of topological edge state is

immune to a structural defect.

Because magneto-optic PhCs have a strong reaction on the magnetic field in the
microwave domain, most experiments were conducted on gyromagnetic PhCs. How

to extend the microwave domain towards optical frequencies is another hot topic.
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At optical frequencies, the weak magneto-optical effect could be strengthened by
enhanced in man-made metamaterials [71]. The resulting bandgap is narrower than
the bandgap in the microwave domain but is still wide enough to achieve topological
edge states. Another efficient solution is to break the time-reversal invariant sym-
metries of a photonic system at optical frequencies rather than adding an external

magnetic field in the microwave region.

2.3.3 Analog Quantum Spin-Hall Systems in Photonics

In a time-reversal invariant system as indicated in Fig. 2.11, the additional nonzero
Berry curvature occurs in two time-reversal partner domains, called pseudo-spin-
up and pseudo-spin-down, respectively. In each time-reversal partner domain,
additional Berry curvature generates nonzero spin-Chern numbers with opposite
signs (4 or F) for two mixing bands. In this way, the sum of spin-Chern num-
bers for two time-reversal partner domains remains zero while the nonzero spin-
Chern number can be assigned to each pseudo-spin with a spin Chern number as
Cspin = (C, — C})/2, which removes the requirement of time-reversal symmetry
breaking by an external magnetic field. When a domain-wall interface is created
by combining two domains with opposite signs of the spin-Chern number of each
pseudo-spin, the nonzero spin-Chern number difference across the domain-wall in-
terface could possess topologically protected edge modes with pseudo-spin-up or
pseudo-spin-down, called helical edge states.

In the presence of time-reversal symmetry, other symmetries, like field symme-
try and spatial-inversion symmetry can be broken in condensed matter, and achieve
a kind of QSHE or QVHE. Starting from analog quantum spin-Hall systems, var-
ious methods have been utilized to introduce a synthetic magnetic field into PhCs,
such as coupled resonators [72, 73], controlling the phase of dynamic modulation
in the time domain [74], in which pseudo-spins are represented by clockwise and
anticlockwise modes. Since the synthetic magnetic field is analogous to the external
magnetic field in quantum Hall topological photonic insulators, one can achieve the
equivalence between the QHE and the QSHE in PhCs. Hafezi et al. firstly proposed

the spin-Hall optical systems with linear optical elements in 2011 [72], and then
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(c) nontrivial quantum spin-Hall topological photonic insulators. Top: band
structure with a frequency bandgap. Middle: band structure with edge states
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helical edge states along the interface. Reproduced from Ref. [51]

carried out the experiments on silicon ring resonator arrays in 2013 [73].

Figure 2.12(c) indicates the sketch of the silicon optical ring micro-resonator
array used in this experiment. The coupling between two neighboring resonators
is via an off-resonant link ring. By controlling differential optical paths, photons
can be made to hop between neighboring resonators in opposite directions to cre-
ate a synthetic magnetic field. In this system, nonzero hopping coupling phases of
two neighboring resonators change linearly in two opposite directions. This phe-
nomenon is similar to the cyclotron motions of electrons under a static magnetic
field with the increasing or decreasing (£) vector potentials. Consequently, two

pseudospins are degenerate as two components of the modes of ring resonators pre-
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Figure 2.12: Topological features and structure design of a spin-Hall optical system with
a synthetic magnetic field. (a) Schematic of the dynamic coupling between
the two site resonators, which is governed by a link resonator. (b) The inte-
gral of the upper and lower off-resonant link resonators can be viewed as the
hopping phase difference between two neighboring site resonators. (c) Sketch
of the 2D coupled ring resonator array. The hopping phase difference leads
to optical paths in opposite directions. (d) Spatial intensity profile of the edge
state showing light propagation along the boundary of the system. (e) Spatial
intensity profile of the edge mode showing routing of light around a defect.
(a), (b), and (c) are reproduced from Ref. [72], and (d) and (e) are reproduced
from Ref. [73]

serving time-reversal symmetry in the synthetic magnetic field, and the optical path
of a pair whispering gallery-like modes has two opposite propagation directions,
clock-wise and counter-clock-wise directions, corresponding to psuedospin down
and psuedospin up, respectively.

The 2D coupled-resonator optical waveguides show robustness against defects,
as indicated in Figs. 2.12(d) and 2.12(e). The silicon ring resonator array setup
operates in the telecom range. When an edge mode is excited by an input laser, the
edge mode propagates along the edge of the spin-Hall system in a specific clockwise
direction [see Fig. 2.12(d)]. If a resonator part is removed [see Fig. 2.12(e)],
the topological edge mode still propagates along the edge without back-scattering.

As a result, photonic devices based on the spin-Hall effect system can improve
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the topological performance and achieve the two spin edge states robust against
perturbations. In these systems, the Chern number is zero but the nonzero binary
topological invariant provides two robust spin edge states with opposite chiralities

under opposite synthetic magnetic fields.

Bianisotropy-induced magneto-electric coupling phenomena have been widely
studied in electromagnetic metamaterials possessing the bianisotropy coupling,
which serves as a synthetic gauge field leading to a topological transition across
the edge. Cheng et al. [75] and Lai et al. [76] experimentally studied robust prop-
agation of topological edge modes along reconfigurable domain walls by combin-
ing two hexagonal arrays of metallic cylinders attaching top and bottom metacrys-
tal plates, respectively. By moving cylinders up or down between the parallel
plates, the inversion symmetry is reduced and a nontrivial bandgap is opened with
a nonzero spin-Chern number for psuedospins at lower and upper bands. When the
domain-wall interface is created by switching cylinders up and down (change of the
synthetic gauge field), the psuedospin up and down edge modes appear inside the
bandgap with opposite group velocities, whose robust properties against induced
disorder were demonstrated in the experiments. Moreover, spin-locked topological
edge modes were further applied as an ultrafast topological switch based on the fact
that the topological edge mode only propagates along the reconfigurable domain-

wall interface.

There are several key differences between the edge modes generated on the
domain-wall interface of quantum Hall and quantum spin-Hall topological photonic
insulators. For example, the edge of the quantum Hall topological photonic insu-
lators only supports one-way propagation of the topological edge mode based on
the fact that only one topologically protected edge mode corresponds to one edge
termination. By contrast, topological edge modes at the domain-wall interface of
quantum spin-Hall topological photonic insulators are spin-polarized and propagate
along the direction corresponding to their spins as indicated in Fig. 2.11. Therefore,
in the case of quantum spin-Hall topological photonic insulators, spin-polarized

edge modes propagate in the opposite directions when the time-reversal symmetry
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is preserved.

2.3.4 Analog Quantum Valley-Hall Systems in Photonics

Electrons in two-dimensional crystals with a honeycomb lattice structure possess
a valley degree of freedom. These systems exhibit a QVHE whose sign depends
on the valley index. It is very similar to the QSHE, in which spin-polarized elec-
trons are replaced by valley-polarized carriers associated to two valleys [77]. Valley
degree of freedom, which is associated to the conduction-band minima (or valence-
band maxima) in graphene-like two-dimensional (2D) materials with honeycomb
lattice [78, 79], has recently been introduced to photonics [80, 81], too, whereby it
behaves like a spin-like binary degree of freedom at high-symmetry corner points
K = (47/3a,0) and K’ = (—47/3a,0) of the FBZ with the lattice constant a.

Each valley has intrinsic chiral vorticity with specific angular momentum,
which is opposite around K and K’ with either left-circular or right-circular po-
larization. Under the valley-conservation assumption, the topological invariant of
photons (valley Chern number) is defined by integrating the Berry curvature over
one of the two valleys rather than the whole FBZ. Specifically, when the spatial-
inversion symmetry of the system is broken, valley Chern numbers corresponding
to two valleys K and K’ are half-integer and have opposite signs, namely Cx = +1/2
and Cyr = F1/2.

Through a rotation of 7 of two honeycomb semi-infinite topological waveg-
uides with spatial-inversion symmetry breaking, a mirror-symmetric domain-wall
interface is generated, in which topologically protected valley modes can form
based on the fact that the difference of valley Chern number (AC = =£1) across the
interface is nonzero. Since the topological valley mode exhibits valley-chirality-
locking property at two valleys, circularly polarized edge modes can be selectively
excited by selecting the specific angular momentum of the excitation source, and
the corresponding light propagation of each circularly polarized edge mode shows
a unidirectional property.

This new topological invariant, valley degree of freedom, was introduced in

PhCs. Ma and Shvets [82] studied a topological valley system with a hexagonal
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Figure 2.13: Photonic band diagrams of unperturbed and perturbed Si photonic structures.
(a) Band diagram of the unperturbed Si rob structure. Degenerate bands form
a Dirac cone at K(K’) symmetric points, marked by red lines. Insets show the
hexagonal unit cell with a Si rob and its corresponding FBZ. (b) Band dia-
gram of the perturbed Si rob structure. The symmetry-protected Dirac cone is
gapped out at K(K") point. Inset shows the perturbed unit cell with a triangular
Sirob. (c) Finite supercell with a mirror-symmetric domain-wall interface. (d)
Finite supercell with a domain-wall interface formed by flipping unit cell of
(c) with m. (e) Projected band diagram of the finite supercell with a domain-
wall interface. Two frequency dispersion curves of topological valley modes
corresponds to configurations in (c) and (d). Reproduced from Ref. [82]

lattice, as shown in Fig. 2.13(a). A symmetry-protected Dirac cone appears at the
two nonequivalent K and K’ valleys of the FBZ. Then, the spatial geometric per-
turbations on the hexagonal lattices break the spatial-inversion symmetry and the
symmetry-protected Dirac cones are gapped out at nonequivalent K and K’ points
[see Fig. 2.13(b)]. This hexagonal lattice with spatial-inversion symmetry breaking
exhibits nontrivial Berry curvature distribution in the momentum space around each
valley, which gives rise to a valley-dependent topological index associated to the in-
tegral of Berry curvature around a valley [83]. By integrating the Berry curvature
around each Dirac point, one can find out that the signs of valley Chern number

at K and K’ symmetry points are opposite [82], Cx x» = £1/2, but the total Chern
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number of the FBZ is still zero. Therefore, the domain-wall interface can be formed
via rotations of the supercell by 7/3, or 7 in order to connect the K and K’ points.
Figures 2.13(c) and 2.13(d) illustrate the domain-wall interface via a rotation of 7.
Since the difference of two valley Chern numbers across the domain-wall interface
can be +1 or —1, a topologically protected edge mode appears inside the bandgap.
As indicated in Fig. 2.13(e), a pair of valley-momentum-locked modes appears in-
side the bandgap, corresponding to configurations of the domain-wall interface in
Fig. 2.13(c) and 2.13(d). Each topological valley mode has opposite group ve-
locities at K and K’ points, resulting in unidirectional light propagation along the

domain-wall interface in opposite directions.

As the bandgap can emerge at the K and K’ valleys with opposite valley-Chern
numbers, two supercells can be generated by combining two semi-infinite waveg-
uides with a 7t /3, or 7 rotation. It leads to a restricted condition for bending domain-
wall interfaces, like zigzag interfaces, that only a 27t/3 bended zigzag interface can
preserve the unidirectional and backscattering-immune light propagation of a topo-
logical valley chiral mode [84]. For the armchair domain-wall interface, the break-
ing of translational symmetry perpendicular to the domain-wall interface mixes the
K and K’ points of two honeycomb lattices, so that the valley Chen number differ-
ence across the domain-wall interface cannot be well defined [85]. Similarly, when
the bandgap of the projected band structure with the zigzag domain-wall interface is
larger than a cutoff value, the Berry curvatures associated to two nonequivalent val-
leys spread significantly and overlap with each other in the FBZ. Hence, the valley

Chern numbers of K and K’ valleys are not well defined [85].

Until now, valley-Hall photonic modes have been mostly studied in bulk ma-
terials, such as PhCs [50, 51, 52], which have been less explored in 2D photonic
platforms, including graphene. Key factors, such as large, tunable carrier densities
and long intrinsic relaxation times up to the picosecond range, make graphene an

ideal platform for topological plasmonics at high frequency with low loss.
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2.3.5 Chern Number Calculation

The topological invariant, Chern number, is an important integer that can indicate
the number of topological edge states inside a nontrivial bandgap. For a non-
degenerate nth band that is separated from other bands, the Chern number of this

single nth band can be defined as the integral over the momentum-space path:

| j
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with |u, ) = |[¢*TE, ;(r)) being the normalized eigenstate of the nth band at k
point, and A} = i(u, x|Vi|u, ) defined as the corresponding Berry connection.
Moreover, the Chern number can be recast from the line integral of the Berry con-
nection to the integral of the curl of A} over the Brillouin zone by using the Stokes

theorem applied to Eq. (2.41),
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with Qf = Vi x A} =iV x (u, x|V |u, r) being the Berry curvature of the nth band

at point k.

In the numerical calculation of the Chern number, the Brillouin zone is dis-
cretized into N x N plaquettes as shown in Fig. 2.14. Based on the Wilson-loop
method, the integral of Berry curvature in each small discretized plaquette can be
expressed in the form of a Wilson loop connecting four corner points from k; to k4
(see red arrows in Fig. 2.14) [86]. In this way, the Chern number, as the integral of
Berry curvature over the entire FBZ, becomes the sum of all Wilson loops of each
small discretized plaquette. It should be noted that a similar discretization scheme
can be used for the first Brillouin zone of different shapes, and the refining of the
discretization mesh improves the evaluation accuracy of the Chern number [87]. If
the shape of the Brillouin zone is not a square, e.g. it is a hexagonal lattice, the Bril-
louin zone can be reshaped into an equivalent rhombic zone due to its periodicity in

the momentum space, which will be further discussed in Sec. 3.4.
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Figure 2.14: Schematic of a computational simulation zone over a square Brillouin, which
is discretized into 4 x 4 plaquettes along the k, and k, directions. In particu-
lar, the red small loop from k; to k4 is utilized to calculate discretized Berry
curvature of each plaquette.
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the four corner points of each plaquette, and <un,ka‘un,k B> = [e(r)u, ,(r)*

where U,’:a kg is normalized as with o,B = 1,2,3,4 indicating

Uy g (r)d*r. Note that if the material is dispersive, £(r) will also depend on the

frequency of the nth band at k point, ®, (k).

If the bands are degenerate, the Chern number for a single band is not unam-
biguously defined. Therefore, a composite Chern number is introduced based on
the degenerate bands. Then, if there are N degenerate bands, the composite Chern

number C*@nH1®.-®n+N=1) cajeylated using eigenstates from u, x t0 U, y_1 &
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can be expressed as,

Cn@®nt1@..GntN-1) _ iTr A}({n@n—i—l@...@n—l—N—l)dk

2n Jopz
i ' : (2.44)
— LT S\ AT
7 rjéBZ un,,k| klunj,k
where A,(C"EBthl D--@mN=1) 45 a N x N matrix with each element being the Berry

connection between every two degenerate eigenstates, namely i<uni7k|Vk|unj7k>
withi,j=nn+1,...,n+ N — 1. By applying Stokes theorem to Eq. (2.44), the

Berry curvature defining composite Chern number can be expressed by [88],

Cn®nt1@ .. BniN-1) _ %/Bzgén@n—i-l@...@n—l—N—l)dSk
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k3 —>k4 k4—>k1
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= =) Imin[det[U," %) Upy ks
21 =
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k3*>k4 k4—>k1 H

(2.45)

where U(n@n+1 P...Hnt+N-1)

ok is the normalized N x N link matrix between each
a—kB

degenerate states, and is defined as,

Uy ko | Uy

1B...HntN-1),. . <”h"a ”wkﬁ>

Uraky " 0) = ’ (246)
|<un[,ka|unj,kﬁ>|

The composite Chern number in the discretized Brillouin zone can be finally
computed via Eq. (2.45). Moreover, valley Chern number which is defined around

the corner of the Brillouin zone can also be computed via Egs. (2.43) and (2.45).
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The only difference between the Chern number and valley Chern number is that the
integral over the first Brillouin zone should be performed in the momentum space
around each nonequivalent valley. The detailed computational analysis of the valley
Chern number of photonic structures investigated in our work will be discussed in

Sec. 3.4.
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Chapter 3

Optically controllable light flow in
topological plasmonic waveguides

based on graphene metasurfaces

3.1 Introduction

The discovery and impact of the quantum Hall effect and other phenomena of topo-
logical nature in condensed matter physics have spurred the extension of these ideas
to photonics, resulting in the emergence of topological photonics [1, 2, 3, 4, 5].
New phenomena and applications, such as unidirectional, topologically protected
light propagation in which disorder-induced backscattering is suppressed, have been
demonstrated [6, 7]. By analogy with the time-reversal symmetry breaking feature
of the quantum Hall effect [8, 9], early research efforts have focused on the gen-
eration of topologically-protected edge states in magneto-optical photonic crystals
(PhCs) under an external magnetic field [10, 11, 12, 13]. However, magneto-optic
PhCs only have a strong response to an applied magnetic field at microwave fre-
quencies, so that extending these phenomena to the optical domain requires al-
ternative solutions. To this end, in time-reversal invariant photonic systems, phe-
nomena analog to quantum spin-Hall [14, 15, 16, 17] and quantum valley-Hall
[18, 19, 20, 21] effects have been demonstrated upon breaking the spin-conservation

and spatial-inversion symmetries, respectively.
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Valley degree of freedom in condensed-matter physics, which is associated
to the conduction-band minima (or valence-band maxima) in graphene-like two-
dimensional (2D) materials [22, 23], has recently been introduced to photonics [24],
too. These materials exhibit nontrivial Berry curvature distribution in the momen-
tum space around each valley, which gives rise to a valley-dependent topological
index associated to the integral of Berry curvature around a valley [22]. Further-
more, a domain-wall interface separating two topologically distinct valley PhCs
can support valley-momentum-locked modes localized at the interface, similar to
the quantum-valley Hall effect [24]. Until now, valley-Hall photonic modes have
been mostly studied in bulk materials, such as photonic crystals [25, 16], being
less explored in 2D photonic platforms, including graphene. As the thinnest mate-
rial known, graphene consists only of a single layer of carbon atoms arranged in a
hexagonal pattern. This 2D material is becoming a promising platform to achieve
passive and active topologically protected plasmonic modes [26, 27], due to its high
carrier mobility and long relaxation time [28, 29, 30]. Equally importantly, re-
cent advances in nanofabrication techniques, like electron-beam lithography (EBL),
STM lithography, and ultraviolet (UV) lithography method, make it possible to
achieve graphene-based plasmonic nanostructures with particularly complex geo-

metrical configurations[31, 32].

Most of the research in topological photonic structures has primarily been fo-
cused on the investigation of the linear optical response of such photonic systems.
However, key functionalities of active photonic devices, such as tunability, optical
frequency generation, and sensing, can most effectively be implemented by employ-
ing the nonlinear optical response of the underlying materials [33, 34, 35, 36]. The
idea of applying optical nonlinear effects to topological systems can realize active
applications with valuable phenomena, including ultra-short pulsed lasers, optical
signal processing, and ultra-fast all-optical switches [37, 38]. To this end, active
topological photonic devices relying on nonlinear optical effects, including Kerr ef-
fect [39], second-harmonic generation (SHG) [40, 41], third-harmonic generation

(THG) [41, 42], and four-wave mixing (FWM) [43], have been successfully demon-
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strated. In particular, frequency-mixing processes between phase-matched topolog-
ical edge modes, including SHG [40, 41, 44], FWM [43] and third-harmonic gener-
ation (THG) [41, 44], have been recently studied in PhCs and two-dimensional (2D)
materials. In addition, applications of these nonlinear optical effects to imaging of
topological edge states via THG [42], lattice edge solitons [45, 46], traveling-wave
amplifiers [47], topological sources of quantum light [48], and topological insula-
tor lasers [49, 50] have been proposed theoretically [45, 47, 49] and in some cases

demonstrated experimentally [42, 46, 48, 50].

Unique properties of graphene-based topological systems, in conjunction with
strong nonlinear optical interactions occurring in graphene, can be employed
to develop nonlinear photonic devices and systems, which can optically control
topologically-protected defect-immune light propagation at the nanoscale. Key fac-
tors, such as large, tunable carrier densities [51, 52] and long intrinsic relaxation
times up to the picosecond range [53, 54], make graphene an ideal platform for
topological plasmonics at high frequency, low loss, and large topological bandgaps.
In particular, due to the large optical near-field enhancement and extended life-time
of plasmons in graphene metasurfaces, SHG, THG, and other nonlinear optical in-
teractions of plasmonic edge states can be achieved in graphene metasurfaces at

ultralow optical pump power [55, 56].

A research topic of considerable practical importance is the development of
efficient schemes for coupling light to optical modes of topological nature. The fact
that this is by no means a trivial challenge, can be understood from the following
example. Thus, by employing photonic valley-Hall effects, one can design optical
waveguiding structures supporting valley-momentum-locked modes localized at the
interface between two domains characterized by different valley Chern numbers
[57, 58]. To excite these topological modes, one usually places a point-like source
near the interface between two domains so that the interface mode is excited and
subsequently measured [59, 60]. In practice, however, this approach can be very
ineffective, chiefly for two reasons. First, in addition to the topological mode, the

interface can support regular modes, too, and these regular modes are generally
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excited together with the topological mode. Second, using a point-like source to
excite an optical mode can be a rather inefficient approach, as the spatial overlap

between the source field and the optical mode can be rather limited.

This example illustrates the importance of the development of efficient excita-
tion techniques that would allow one to couple optical power from external sources
to topological modes of photonic structures. Moreover, if such coupling techniques
would permit a certain degree of tunability their functionality would be further en-
hanced. With these goals in mind, adopting graphene as the material platform to use
for the implementation of these ideas is a natural choice, as it possesses ultra-fast
response time [61, 62] and strong optical nonlinearity [63, 64], which are optimal
features when seeking to achieve device operation at low optical power and ultrafast

tunability.

In this chapter, we study the unidirectional light propagation of a topologically-
protected valley mode on a single graphene nanohole plasmonic crystal waveguide.
The topological work on graphene has been studied previously by Ref. [26], in
which the time-reversal symmetry breaking of the graphene layer is achieved by
adding an external magnetic field. However, a strong magnetic field up to 8T is
required to generate the magneto-optical effect in graphene, which is difficult to
achieve in practice. Therefore, a time-reversal invariant photonic system with spa-
tial symmetry breaking is considered. By introducing and tuning the size of extra
nanoholes to break and reduce the spatial-inversion symmetry of graphene nanohole
metasurface, the symmetry-protected Dirac cones are gapped out. As a result, a uni-
directional topological valley mode can emerge inside a nontrivial bandgap. Since
the Kerr coefficient of graphene is more than 9 orders of magnitude larger than
that of bulk dielectrics [65, 66], graphene-based topological systems show great
potential to develop ultra-fast active photonic nanodevices. We demonstrate that
the influence of Kerr effect on valley-Hall topological transport in the proposed
graphene nanohole metasurfaces can be used to implement an all-optical switch
and an efficient mode coupler, by tuning the refractive index of graphene via a

pump beam injected in bulk modes. The variation of refractive index can result in
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a frequency shift of bandgap, and such effect can be employed to control the sig-
nal propagation and wave-vector mismatch between different modes in the graphene
nanohole waveguide. Our computational results show that the required pump power
is strongly dependent on the group velocity (GV) of pump bulk mode, especially in
the slow-light (SL) regime.

This chapter is organized as follows. In Sec. 3.2, we demonstrate the design
of a single graphene nanohole plasmonic waveguide with the spatial-inversion sym-
metry breaking. In particular, a quantitative analysis of the valley Chern number is
given based on the Wilson loop approach, which corresponds to the number of topo-
logically protected valley modes inside the nontrivial bandgap with unidirectional
feature. This is followed in Sec. 3.3 by the design of an all-optical switch based
on the proposed graphene nanohole waveguide. Starting from the optical properties
of the pump beam injected by chosen bulk modes, we computationally describe the
power dependence of the nontrivial bandgap. In particular, we discuss the optically
controllable signal propagation in the proposed nanoswitch, and its dependence on
the pump power injected by a bulk mode with reduced GV. Then, in Sec. 3.4, we
describe theoretically and computationally the optically controllable nonlinear cou-
pling between edge and topological modes of the graphene metasurface and its de-
pendence on the mode parameters, such as frequency, wave vector mismatch, and
pump power. Specifically, a quantitative analysis of the phase-matching condition
has been presented based on the wave-vector difference between topological and
edge modes extracted from three different methods. Finally, in Sec. 3.5, we sum-

marize the main conclusions of this chapter.

3.2 Valley-Hall Topological Transport in Graphene

Nanohole Waveguide

The topological waveguide investigated in this thesis is implemented by using a
composite graphene metasurface, as schematically illustrated in Fig. 3.1 [67]. The
waveguide is created by adjoining together two semi-infinite graphene metasurfaces

in a mirror-symmetric manner, thus generating a domain-wall interface oriented
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along the y-axis, as highlighted yellow region in Fig. 3.1(a). Two mirror-symmetric
graphene metasurfaces consist of a periodic hexagonal array of holes in a uniform
graphene sheet. The unit cell and the FBZ are shown in Figs. 3.1(b) and 3.1(c),
respectively. The unit cell of the metasurface contains two holes, such that the
spatial-inversion symmetry of the system is broken when two holes have different

radii, denoted here by R and r. In this chapter, we fix the lattice constant a =

400+/3nm and the radius of the big hole R = 140nm. The optical dispersion relation

(a)

- a - an - - s

y mirror symmetric interface
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Figure 3.1: (a) Schematic of the graphene plasmonic nanohole crystal with a domain-wall
interface oriented along the y-axis. The left- and right-hand side domains with
mirror symmetry are composed of the same unit cell. (b) Primitive unit cell
of the graphene crystal with a lattice constant, a, containing two nanoholes
with radii R and r. (c) First Brillouin zone (FBZ) of the graphene plasmonic
nanohole crystal with three high-symmetry points I', M and K.

of graphene is described by its electric permittivity €, which is given by Kubo’s

formula [68, 69],
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where o is the frequency, T is the temperature, h, is the effective thickness
of graphene, U, is the chemical potential, @ = 1 —iwt, and & = 2t|u.|/h, with T
being the relaxation time. In our analysis, we set T = 300K, 7 = 50ps, 7, = 0.5nm,
and u. = 0.2eV. Note that dispersive and dissipative effects are incorporated in our
simulations via the frequency-dependent complex surface conductivity of graphene,
defined as oy = —igywhg(€, — 1). In this way, the optical properties of 2D graphene

can be directly expressed by its surface current density, namely Js = osE.

3.2.1 Band Diagram of Infinite Graphene Nanohole Crystal

In this section, band diagrams of the proposed graphene nanohole metasurface with
a nontrivial bandgap will be presented, in which the topological nontrivial property
will be quantitatively described by the valley Chern number below the bandgap.

To demonstrate the existence of topological modes in our structured graphene
metasurface, we have computed the photonic band structure of an infinite graphene
nanohole crystal. The finite-element method (FEM) computations were performed

with COMSOL Multiphysics®, a commercially available software package [70].

)
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Air | ‘
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Figure 3.2: Simulation setting for the graphene nanohole plasmonic crystal. (a) Periodic
boundary conditions are added along the x-axis and y-axis while scattering
boundary conditions are added on the air boundary along the z-axis. (b) Mesh

distribution of the unit cell of a graphene nanohole crystal with a minimum
mesh size of Snm.
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In order to build an infinite 2D nanostructured graphene crystal, periodic
boundary conditions are set on edges of the unit cell along the x-axis and y-axis,
as demonstrated in Fig. 3.2(a). In this three-dimensional (3D) simulation, the scat-
tering boundary conditions are set on the top and bottom boundaries. In particular,
the height of two air domains along the z-axis is as large as 2a, which is large enough
to model the light radiation and scattering. Figure 3.2(b) shows the mesh distribu-
tion on the designed unit cell with a minimum mesh size of 5nm, which enables the

accuracy of the FEM simulation.
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Figure 3.3: (a) Band diagram of the graphene metasurface, determined for different radii
of extra nanohole r. When r = 0, a Dirac cone is formed at the crossing point
of the first and second bands (black lines). By introducing an extra nanohole
with an increasing radius from r =50 nm (red lines), ¥ =70 nm (blue lines), to
80 nm (magenta lines) in the primitive cell of the graphene crystal, nontrivial
bandgaps emerge with an increasing gap size. (b) Variation of frequency of the
photonic bandgap at K point with respect to the size of extra nanohole r. The
frequency maxima of the first band and the frequency minima of the second
band are marked by red and blue lines, respectively.

To properly identify the frequency bandgap, plasmonic bands of this graphene
nanohole crystal have been evaluated through the high-symmetry points I', K and
M in the FBZ [as shown in Fig. 3.1(c)], and the result is given in Fig. 3.3. In
Fig. 3.3(a), the photonic band diagram of an infinite graphene nanohole crystal,
determined in the case when the metasurface has inversion symmetry without ex-

tra nanohole r = 0, and for a noncentrosymmetric metasurface containing extra
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nanoholes with radii » = 50nm, » = 70nm, and » = 80nm, are plotted by black, red,
blue, and magenta curves, respectively.

As shown by the black curves in Fig. 3.3(a), when the small nanohole r = 0,
there is a Dirac cone at K point, which is protected by the Cg, symmetry of big
nanoholes. The first and second bands indeed linearly transit each other at Dirac
point located at the frequency of 11.8 THz. In order to open up the inversion-
symmetry-protected Dirac cone, extra air nanoholes (r # 0) are introduced into
graphene plasmonic crystal, which reduces the spatial symmetry to C3, symmetry
group. As a consequence, the Cg,-symmetry-protected Dirac cone is gapped out,
resulting in the formation of a nontrivial frequency bandgap, as illustrated by red,
blue, and magenta curves in Fig. 3.3(a). This bandgap, which opens upon break-
ing the spatial-inversion symmetry of the lattice, is topologically nontrivial [21]. In
addition, the variation of the size of bandgap indicates its dependence on the radius
of extra nanohole r, and the computational result of this relationship is presented
in Fig. 3.3(b). The frequency maximum of the first band at K point is represented
by a red line while the blue line indicates the frequency minima of the second band
at K point. The size of the bandgap increases with the radius r of extra nanoholes,
based on the fact that the perturbation of spatial-inversion symmetry breaking is
increasing. When the radius of extra nanohole increases from 50 nm to 80 nm, the
width of bandgap approximately increases by 1 THz due to a remarkable frequency
shift of the first band. Note that the size of bandgap larger than 1 THz is not a good
choice, based on the fact that the frequency dispersion curve at K point spreads
significantly, resulting in the corresponding valley Chern number at K point cannot
be properly defined. Hence, the topologically-protected property inside a relatively
large bandgap is hard to be realized. For our subsequent analysis in this chapter,
the radius of the smaller holes is fixed to r = 50nm, which possesses a relatively

suitable nontrivial bandgap from 11.1 THz to 11.8 THz.

3.2.2 Valley Chern Number of Graphene Nanohole Crystal

To quantitatively evaluate the nontrivial topological protection of the photonic sys-

tem, Chern number and valley Chern number are defined based on the integral of
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the Berry curvature over the momentum space, which can be computationally eval-
uated by Eq. (2.43) in a discretized Brillouin zone. For a system with time-reversal
symmetry breaking under an external magnetic field, the Chern number is the inte-
gral of the Berry curvature over the whole FBZ. Similarly but differently, in time-
reversal invariant valley-Hall systems with a spatial-inversion symmetry breaking,
the Chern number calculated over the whole FBZ is zero, while the integrals of the
Berry curvature have opposite signs around two nonequivalent valleys, which leads
to a valley-dependent nontrivial property. As a result, a new topological index, val-
ley Chern number C! = 4+1/2, is defined by the integral of a Berry curvature of the

nth band in the momentum space around each valley [71, 72].

I

Figure 3.4: Schematic of the valley Chern number calculation. (a) Hexagonal (blue) com-
putational domain around the high-symmetric point K and the reshaped but
equivalent rhombic (red) computational domain for the convenience of calcu-
lation. (b) Example of a 5 x 5 discretization of the chosen rhombic domain in
the momentum space.

Based on the clarification of the Chern number calculation in Egs. (2.43) and
(2.45), Chern number of the individual band and composite Chern number of de-
generate bands can be evaluated in the discretized Brillouin zone by the Wilson-

loop approach. To gain deeper insight into the valley Chern number of the pro-
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posed graphene nanohole plasmonic crystal, valley Chern number of the first band
in Fig. 3.3(a) is computationally calculated around the K and K’ valleys. Composed
by a honeycomb lattice, the proposed graphene nanohole crystal has a hexagonal
FBZ as shown in Fig. 3.1(c). To simplify the discretization of the FBZ, as indicated
in Fig. 3.4(a), the hexagonal FBZ in black is reshaped into a rhombic FBZ centered
at the M point, which is more convenient to discrete the FBZ along two axes. Due
to the periodicity of the FBZ in reciprocal space, two Brillouin zones with different
shapes are equivalent. In this way, a similar transformation can be applied to a do-
main around the K (K’) point to calculate the valley Chern number. In Fig. 3.4(a),
a small hexagonal blue domain centered at the K point with a sidelength from K to
M is chosen to calculate the valley Chern number, which is reshaped into a small
rhombic domain for calculation convenience as highlighted yellow region. It should
be noted that the selection of a integral domain in the momentum space depends on
the spread of the Berry curvature around K point in the FBZ, so that the integral
domain should be large enough to cover the spread of Berry curvature. To be more
specific, the chosen integral domain is extended around the K valley till the Berry
curvature approaches zero, namely, the computed valley Chern number remains un-
changed. In our calculations, the chosen hexagonal (rhombic) domain is suitable

for the valley Chern number evaluation of each band in Fig. 3.3(a).

Utilizing the Wilson-loop approach in Eq. (2.43), one can obtain the dis-
cretized Berry curvature in each small plaquette calculated by the normalized eigen-
states at four corner points (k1, kp, k3, and k4) of the plaquette. Specifically, the dis-
cretization of the chosen rhombic domain along two directions with an example of
5 x 5 meshed small plaquettes is shown in Fig. 3.4(b). The Wilson loop is indicated
by the red arrowed line in each plaquette, and the mesh size of each plaquette is
Ak = @ Note that, in addition to the selection of a domain around a valley,
the convergence to an accurate valley Chern number requires an effective sampling
in the chosen domain. We find that in all cases considered in our later discussion, a
18 x 18 k-sampling is sufficient to achieve convergence to the correct valley Chern

number.
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Figure 3.5: Computed Berry curvature distribution of the first band over K and K’ valleys,
determined for different values of the radius of holes r. (a) and (b) Berry cur-
vatures of the first band when r = 20nm over K and K’ valleys, respectively.
(c) and (d) same as (a) and (b) but for » = 50nm. (e) and (f) same as (a) and (b)
but for r = 70nm.

Since the band diagram of graphene nanohole plasmonic crystal possesses a
nontrivial bandgap between the first and second bands, valley Chern numbers of the
first band over the discretized K and K’ valleys are computational calculated based
on FEM simulation in COMSOL, and the results computed in a 18 x 18 discretiza-
tion of K valley are shown in Fig. 3.5. First, the frequency dispersion relation of
the first band in the discreted k space, is solved by the eigenfrequency solver in

COMSOL. Since the proposed graphene nanohole metasurface is a dispersive pho-
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tonic system, the permittivity of graphene crystal & (r) at the frequency of the first

band is estimated based on Eq. 3.1. Then, the Berry curvature of each small pla-

un. a‘un.
quette is calculated by the link variable Uy} ., = M (o, B =1,2,3,4)
G (kg kg )

between two adjacent k points, and the normalized eigenstate |u,, ;) = |etker E, x(r))
(n =1,2) at each k point is obtained by the FEM simulation of COMSOL. Finally,
the valley Chern number is the sum of the Berry curvature of each small plaquette

over the discretized k space.

In the proposed graphene nanohole crystal with different values of the radius of
holes r, the size of bandgap increases with the increment of the radius of nanoholes
r. Thus, valley Chern numbers of the first band over the K and K’ valleys for three
cases when r = 20nm, 50nm, and 70nm are considered, and corresponding Berry
curvature distributions in a 18 x 18 discretized k space are given in Figs. 3.5(a)(b),
3.5(c)(d), and 3.5(e)(f), respectively. In all cases, the Berry curvature distribution
in a unit of a*> shows a remarkable peak at K and K’ points, and the Berry curvature
of the first band over the K valley (right column) is exactly opposite to the Berry

curvature of the first band over the K’ valley (left column).

For the case of r = 20nm in Fig. 3.5(a) and 3.5(b), the Berry curvature is
the largest among three cases, and computed valley Chern numbers of the first band
over K and K’ valleys are 0.48 and —0.48, respectively. A 0.02 difference compared
to the theoretical value C, = +1/2 proves the accuracy of Wilson loop computa-
tional method. For other two cases (» = 50nm and » = 70nm) with wider nontrivial
bandgaps, computed valley Chern numbers of the first band over K and K’ valleys
when r = 50nm slightly decrease to 0.34 and —0.34 as indicated in Fig. 3.5(c)
and 3.5(d), respectively. Moreover, valley Chern numbers of the first band over K
and K’ valleys when r = 70nm are further reduced to 0.29 and —0.29 as shown in
Fig. 3.5(e) and 3.5(f), respectively. The computational accuracy of the valley Chern
number slightly drops with an increasing size of the nontrivial bandgap between the
first two bands. This is attributable to a spread of the Berry curvature over the valley,
resulting in a rapid drop of the peak of Berry curvature. Since the Berry curvature

over the K valley spreads significantly and overlaps with adjacent Berry curvatures
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over K’ valleys, the computed valley Chern number when r > 50nm cannot be prop-
erly defined, so that we will use the valley Chern number with a theoretical value

+1/2 for the later discussion.

3.2.3 Band Diagram of Finite Graphene Nanohole Crystal
Waveguide

The proposed graphene metasurface with spatial-inversion symmetry breaking ex-
hibits a nontrivial Berry curvature distribution in the momentum space around two
nonequivalent K and K’ valleys, and the sign of valley Chern numbers with the ab-
solute value 1/2 of the first band is opposite at K and K’ points. In order to obtain a
nonzero valley-dependent topological index, the K and K’ points can be connected
by rotating the proposed graphene crystal with spatial-inversion breaking by 7 /3,

7, or 57/3 rotation angles.
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Figure 3.6: Schematic and mesh setting of the supercell of finite graphene nanohole plas-
monic waveguide with a mirror-symmetric domain-wall interface (highlighted
in the yellow region).

As aresult, a domain-wall interface can be constructed by placing together two

graphene metasurfaces in a mirror-symmetric manner, i.e., rotated by 7 w.r.t. each
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other, as per Fig. 3.1(a), which connects K (C, = +1/2) and K’ (C, = F1/2) valleys.
Consequently, the difference of the valley Chern number across the domain-wall at
each valley is AC, = £1. As a result, valley-Hall topological modes appear inside
the nontrivial bandgap of this composite graphene metasurface with a domain-wall

interface.

The schematic of the supercell is shown in Fig. 3.6, which is mirror-symmetric
with respect to the highlighted domain-wall interface. We used a supercell with a
number of 20 unit cells along the y-axis and periodic boundary conditions along x-
axis. This means that the metasurface is finite along the transverse direction (y-axis)
and infinite along the longitudinal one (x-axis). To simulate the light scattering,
all air boundaries are set with absorption boundary conditions. In particular, the
minimum mesh size of the graphene simulation domain is smaller than 7 nm to

ensure high accuracy of our FEM analysis in COMSOL.
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Figure 3.7: Projected band diagram (blue region) of the interface graphene nanohole plas-
monic waveguide with extra nanoholes » = 50nm. A topologically protected
interface mode (red line) emerges inside the nontrivial bandgap.
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The nonzero valley Chern number difference across the domain-wall interface
makes it possible to generate valley-momentum-locked interfacial modes, and the
projected band diagram is illustrated in Fig. 3.7. Since the metasurface is only
periodic along the x-axis with a period a, the wave vector k, of the projected band
diagram varies from —7/a to m/a. The blue regions represent the projected bulk
modes and the yellow strip shows the nontrivial bandgap in which a topological
interface mode appears marked by a red line. Interestingly, the topological valley
mode is continuous and does not connect with bulk bands, whereas the topological

edge mode induced by the time-inversion symmetry breaking connects bulk bands.

3.2.4 Topological Features of The Interface Modes

In order to gain deeper physical insights into the topological interface mode, the
corresponding field distribution is calculated at the frequency 11.4THz, which is
in the bandgap and only crosses the topological band at two points E;  and E, .
As indicated in Fig. 3.8, both topological modes propagate along the domain-wall
interface with a highly confined field distribution. Furthermore, the unidirectional
feature of valley-momentum-locked interface mode is further investigated. Due to
group velocities (the slope of frequency dispersion curve of the topological band) of
topological modes at £, and E,,_ points being opposite, it leads to the light propa-
gation of these topological modes along opposite directions. To this end, six electric
dipoles with increasing or decreasing phase differences (£ /3) are placed together
on the corners of a small hexagon, which can generate Poynting vector distributions
in opposite directions, namely opposite polarization. Under the excitation of a left-
circularly-polarized (LCP) source at the frequency of 11.4THz, see Fig. 3.8(a), the
topologically protected interfacial mode propagates along the domain-wall interface
in the positive x-axis direction with positive group velocity, whereas the topological
mode propagates in the negative x-axis with negative group velocity under a right-
circular-polarized (RCP) excitation source at the frequency of 11.4THz, as shown

in Fig. 3.8(b).
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Figure 3.8: (a) Unidirectional propagation of topological interfacial mode along the pos-
itive direction of x-axis, when the finite graphene waveguide is excited by a
LCP source at 11.4THz. (b) Unidirectional propagation of topological interfa-
cial mode along the negative direction of x-axis, under a RCP source excitation
at 11.4THz.

3.3 Graphene-based All-optical Switch

In this section, taking advantage of the unidirectional feature of the topological in-
terface mode along with the strong nonlinear optical properties of graphene, an ac-
tive graphene-based all-optical nanoswitch implemented on the proposed graphene
nanohole waveguide is designed. By tuning the refractive index of graphene through
the Kerr effect via a pump beam, one can achieve a power-dependent frequency
bandgap, which will result in the light transmission of topological interface mode

in a tunable manner.
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3.3.1 Blue-shifted Nontrivial Bandgap via Kerr Effect

Kerr effect is a nonlinear optical process ideal to use for tuning the optical properties
of graphene, chiefly due to its extremely large second-order nonlinear refractive in-
dex, ny. In particular, Kerr coefficient n, of graphene is more than 9 orders of
magnitude larger than that of most optical materials customarily used in nonlinear
optics. Additionally, other features of graphene, such as chemically and electri-
cally tunable optical properties and strong nonlinear optical response in a broad
frequency domain spanning from terahertz to mid-infrared frequencies [73, 74], are

particularly attractive for nonlinear optics applications.

The change of the refractive index of graphene in response to an applied
(pump) electric field E,(r) is described by:
1 ‘2

An(r) = Eceonnz ‘Ep(r) , (3.2)

where 7 is the index of refraction of graphene in the absence of the applied electric
field and ny = 7.5 x 10~ cm?/W is the second-order nonlinear refractive index of
graphene at the frequency of 11.4THz [75, 76]. Moreover, the pump power propa-
gating in an optical mode with field distribution, E,(r), can be expressed as follows
[77,78]:

v [ 9 . 2
Py= - /V e (& (r; 0)] [Ep(r)| dr, (3.3)

where v = dw/dk, is the GV, V. is the volume of the unit cell, and &, (r; ) is
the spatial distribution of the frequency-dependent permittivity of the metasurface
(or PhC), that is &,(r;®) = & [,(r; @) = &(w)] if r corresponds to a point in
air (graphene). Note that for our graphene structure the waveguide dispersion is
much larger than the material dispersion of graphene, so that the latter one can be
discarded by setting &,(r;®) = €,(r). In the later discussion, the amplification
coefficient, o, between a pump field £, and an electric field of chosen bulk mode
Ej, is introduced in order to quantitatively indicate the increase of pump power P,,

namely & = E,/E},.
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Since the Kerr coefficient of graphene is particularly large, one can induce a
significant variation of the refractive index of the metasurface even at moderate val-
ues of the applied local electric field, E,(r). This in turn will lead to a sizeable
frequency shift of the mode dispersion curves. To quantify this effect, we have de-
termined numerically the projected band structure of the composite graphene meta-
surface and, implicitly, the frequency dispersion curves of the edge and topological
waveguide modes. Importantly, in our calculations we have incorporated the contri-
bution of the pump beam to the calculated projected band structure of the composite
metasurface. Specifically, we have implemented using COMSOL an algorithm con-
sisting of three main steps [79, 80, 81]. First, for a given optical pump power and the
corresponding distribution of the electric permittivity of the metasurface, €),(r), we
determined the field profile corresponding to the bulk mode used as the pump beam.
Then, we used (3.2) to compute the local variation of the refraction index, An(r),
and subsequently the updated spatial distribution of the electric permittivity of the
metasurface, €/ (r) = &[no(r) +An(r)]2, with ng(r) = /€x(r) /€ being the spatial
distribution of the index of refraction of the unperturbed metasurface. In the last
step, the projected band structure was determined using the new permittivity distri-
bution, &, (r). These steps were repeated until the difference |g,,(r) — &, (r)|rev,,,
was smaller than a certain threshold. Note that, due to the very small relative change

of the electric permittivity induced by the pump, one iteration sufficed.

To investigate the influence of refractive index of graphene nanohole plas-
monic waveguide on the light propagation of topological mode, several high-power
bulk modes are employed as pump modes to tune the refractive index of the entire
graphene waveguide. Since the power of the signal light is low that the signal-
induced variation of refractive index of graphene waveguide is negligible, the light
propagation of a topological interface mode is only controlled by the pump-induced
variation of refractive index n of graphene nanohole metasurfaces. The optical
characteristics of pump modes applied to the proposed graphene nanohole plas-
monic waveguide (see Fig. 3.1) with extra nanoholes r = 50nm are demonstrated

in Fig. 3.9. In Fig. 3.9(a), blue regions represent bulk modes and a topological band
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Figure 3.9: (a) Projected band diagram (blue region) of the graphene nanohole plasmonic
waveguide with extra nanoholes r = 50nm. A topologically protected band (red
line) emerges inside the nontrivial bandgap. (b) Variation of group velocity v,
and group index n, = c¢/v, with respect to k,, corresponding to the bulk band
[green line in (a)] in which three bulk modes Ej,, Ep, and Ej, are selected. (c)
Field distribution corresponding to the bulk mode Ep, in (a).
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inside the nontrivial bandgap is marked by a red line. For a chosen bulk-mode band
indicated by the green curve, the frequency dispersion curve of the bulk band shows
a peak when wave vector k, approaches 0.77/a. To quantitatively identify the SL
regime, the group velocity v, and group index n, = c¢/v, of the bulk band are shown
in Fig. 3.9(b). Specifically, for three chosen bulk modes Ej,, (k, = 0.557/a), Ep,
(ky = 0.617/a) and Ep, (ky = 0.677/a), the GV of these bulk modes is reduced
from 2.7 x 10%m/s to 1.8 x 10°m/s, and then sharply decreases to 5.3 x 10°m/s.
As a result, GV of the bulk mode is close to zero with group index n, of the bulk
mode approaching 1000, namely into the SL regime [82]. Slow light can generally
provide strong field enhancement for the nonlinear interaction, which is potential to
be applied on novel photonic nanodevices. More specifically, the field distribution
of bulk mode Ej, with the largest group velocity among three chosen bulk modes is
presented in Fig. 3.9(c). The corresponding light propagation of bulk mode shows a
uniformly extended field distribution on the entire graphene nanohole metasurface.

If the pump beam is injected by an extended bulk mode, this would lead to a signif-
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Figure 3.10: Projected band diagram of graphene nanohole plasmonic waveguide under
the pump injected by bulk mode Ej, determined for increasing pump powers
P, =0, P, =0.81uW and P, = 3.25uW, respectively.

icant variation of refractive index in the whole graphene metasurface based on the
optical Kerr effect. Note that our simulation results show similar electric fields of

other two bulk modes Ej, and Ej, in Fig. 3.9(a) with different group velocities.

Since the optical Kerr effect on graphene nanohole plasmonic waveguide is
performed by introducing the pump power injected by a relatively uniform bulk
mode, the variation of band diagram of graphene nanohole metasurface as the incre-
ment of P, is investigated in Fig. 3.10. Based on the strong Kerr effect in graphene,
the whole graphene nanohole platform is uniformly pumped by a bulk mode, which
can optically change the index of refraction of the graphene system. In this case,
the electric field of bulk mode E},, is chosen as the pump field. When the pump field
is amplified with electric field amplification coefficient o¢ = 0,0.006,0.012 with
respect to the electric field of Ej,, P, is increased from 0, 0.81 uyW to 3.25uW, re-
spectively. Interestingly, computational results show that the frequency of nontrivial

bandgap shifts up with the increasing pump power, which shows a relatively large
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shift of 0.3THz comparing with the size of topological bandgap 0.7 THz. To be
more specific, if the frequency of signal mode is fixed at 11.4 THz, by increasing P,,
we can switch the topological interface mode (inside the bandgap) to a leaky bulk
mode (outside the bandgap) at the threshold switching pump power P, = 3.25uW
(ax =0.012). Here, we should note that the relative position of each band would not
change as the increment of pump power, although their frequency would shift up

consistently.

3.3.2 Design of Active All-optical Switch

Based on the blue-shifted band diagram of the graphene waveguide with an in-
creasing pump power, the proposed graphene nanohole plasmonic metasurface is
employed to realize an active graphene-based all-optical switch.

As schematically shown in Fig. 3.11(a), a pump beam E), (yellow region) is
injected into the graphene nanohole plasmonic waveguide with a bulk mode Ej,
while a LCP source at the frequency of 11.4THz generates an optical signal Ej.
Note that the LCP source is chosen as an extremely weak signal seed, so that the
refractive index change of graphene induced by the LCP source can be ignored.
The length of the graphene plasmonic metasurface is L = 35a in order to achieve
a stable signal propagation in the domain-wall interface along the x-axis. We used
absorbing boundary conditions, and placed the boundaries of the computational
domain in such a way that they are slightly separated from the graphene metasurface
by a thin layer of air, which is utilized to model the radiation of light close to the
edges. By increasing the length of graphene metasurface, one improves the accuracy
and stability of the simulations of light propagation. In addition, the length can
be as large as possible, however, with this choice of L = 35a the simulation time
decreases. Based on the fact that the signal beam can be switched from a topological
interface mode into a leaky bulk mode by tuning the pump power, the optical signal
at 11.4THz can be turned ON/OFF near a certain pump power threshold. To validate
these ideas, the transmission of signal beam is defined by the ratio between the input
power Ps, measured near the LCP source, and the output power Py, , measured at the

Sout

end of graphene waveguide, namely n = P, /P;, . Moreover, the field distribution

Sin
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(a) Schematic of the active all-optical switch based on the graphene nanohole
plasmonic waveguide. Light is pumped in the pump field E, (yellow region),

whereas the signal E; is generated by a LCP source at 11.4 THz and carries an
input power Py, and output power P; . The length of the simulated graphene

nanohole waveguide is L
cited by a LCP at 11.4 THz without applied pump field

topological interface mode E; in Fig. 3.9(a).

of the signal mode E; excited by a LCP source at 11.4THz is given in Fig. 3.11(b),
it shows the light propagation of topological mode along the domain-wall interface
Variations of the signal transmission with respect to the electric field amplification
coefficient o and pump power P, are shown in Fig. 3.12(a) and 3.12(b), respec-

Red dotted circles, blue triangles, and black stars correspond to pump beams
injected by three bulk modes, Ej,,, Ej,, and Ej,,, respectively. By employing three
bulk modes with group velocities approaching the SL regime, transmissions of the

without applied pump beam P,
3.3.3 Resultand D

Figure 3.11
tively.
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signal under different pump modes show a similar trend. The signal mode begins to
couple with the bulk mode when the amplification coefficient & > 0.012 in all cases
and then shows slightly different variation trends as expected in Fig. 3.10. Then,
with the increment of electric field amplification coefficient o over 0.022, trans-
missions of the signal under different pump modes sharply decrease to less than

0.1.

Such switching-off functionality is achieved based on the fact that the propa-
gating signal beam is turned from a topological mode into a radiation bulk mode,
which can also result in a dramatically reduced output power. Moreover, the trans-
mission of the signal with respect to the pump power is studied, and the result is
given in Fig. 3.12(b). Under the pump power injected by three bulk modes, the
transmission of the signal beam shows a dramatic decrement when the pump power
increases beyond a certain threshold value for all cases, which indeed achieves op-
tical ON/OFF functionality to switch a signal beam. Moreover, the required switch-
ing pump power varies with pump beams of different GV. It can be seen that the
smaller GV of the pump mode is the lower threshold pump power is. In particular,
more than a 5x reduction of the switching optical pump power between Ej,, and

E},, bulk modes is observed in our investigations.

0.7 i i 0.7 B
oF o by o

0.6 Eb1 : oooc’ogv!"" 0.6} 7 £, goo°°°° °
. ¥ Eby S voov’ 1° - * Ep, v °
c * Ep ,#ga”-* 5 c v°v°v8 v o
-905 3'.; Taex ! 905:%
0 1 LI w0 * * )
Loge ° * i *I: 2 0_4\%CJ . v
= | . £ .
2 ! !1'3" 8 : v o
© 0.3 i v, © 0.3 v
= 1 ! b— * A4 °

0.2 ! .o 0.2 ™ v o

0.1 : - 0.1 Y °

0 0.015 003 0 5 10 15
B uw)

a
(@) (b)

Figure 3.12: (a)(b) Signal transmission, defined as n = P, , /P, , with respect to electric
field amplification coefficient & = E,/E}, and pump power P,, respectively,
determined for three bulk modes with different GV shown in Fig. 3.9(a).
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3.4 Optically Controllable Nonlinear Mode Coupling
via Kerr Effect

In this section, we design and theoretically analyze an effective scheme to couple
light into an interface topological mode of a graphene metasurface. We demonstrate
that, by taking advantage of the large Kerr nonlinearity of graphene, the device can
be operated using low optical power and in a tunable manner. This functionality is
achieved by using a pump-probe configuration, in which a pump field propagating
in a bulk mode of the metasurface is used to tune its photonic structure and thus
control the nonlinear optical coupling between a trivial edge mode and an interface
topological mode in which a signal beam propagates. Importantly, we also show
that the required pump power can be significantly reduced if the device is operated
in the slow-light (SL) regime. The conclusions of our rigorous computational in-
vestigation of the coupling mechanisms are supported by a coupled-mode theory

(CMT) describing the dynamics of the amplitudes of the two coupled modes.

3.4.1 Kerr Tunability of Edge and Topological Waveguide
Modes

To demonstrate the existence of waveguide topological modes in our proposed
graphene nanohole metasurface, we have determined the photonic band structure of
an infinite crystal of the proposed graphene nanohole metasurface (see Fig. 3.1), as
well as the projected band structure of the interface waveguide obtained by joining
together in a mirror-symmetric manner two semi-infinite metasurfaces. Aiming to
achieve efficient coupling between topological and edge modes inside the nontrivial
bandgap, we consider a certain graphene nanohole waveguide with a relatively wide
bandgap, which allows more flexibility in tuning the mode coupling. Therefore, for
our later analysis in this chapter, we fix the lattice constant of the graphene nanohole
metasurface a = 500nm. Since the unit of frequency in the photonic band diagram
is 27c/a, the size of the unit cell determines the response optical frequency of the
system. If the size of lattice constant a is increased by 30%, the Dirac frequency of

the photonic band diagram at K point would be reduced by 6%. Note that the con-
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clusions of this study remain qualitatively valid if one increases (or decreases) the
lattice constant, and only the whole band diagram will be compressed (or stretched).
In the first step of our analysis we determined the linear optical response of the sys-
tem by neglecting the optical nonlinearity of graphene. The photonic band diagram
of an infinite metasurface, determined in the case when the metasurface has inver-
sion symmetry, i.e., R = 140nm and r = 0, and for a noncentrosymmetric meta-
surface with R = 140nm and r = 70nm, are plotted in Fig. 3.13(a) using blue and
red curves, respectively. It should be noted that graphene metasurfaces with such
geometrical parameters can be readily fabricated using widely available fabrication

techniques, such as e-beam lithography
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Figure 3.13: (a) Band diagram of the graphene metasurface with a lattice constant a =
500nm, determined for different radii of extra nanohole ». When r =0, a
Dirac cone is formed at the crossing point of the first and second bands (blue
lines). By introducing a second nanohole with r = 70nm in the primitive
cell of the metasurface, a nontrivial bandgap (yellow band) from 10.4 THz to
12.5THz is created. (b) Projected band structure of the composite metasur-
face, showing bulk bands (green) forming a continuum, nontrivial topologi-
cal mode (red) of the graphene plasmonic waveguide, and a trivial edge mode
(blue). The smaller and larger holes have radius of » = 70nm and R = 140nm,
respectively. The frequency dispersion curve of a bulk mode, depicted in yel-
low, together with three points indicating photonic states with different group
velocities that were used as pump modes, are also shown.
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The calculated band diagrams show that in the case when the graphene meta-
surface has inversion symmetry (» = 0, blue lines), that is when the lattice of holes
belongs to the Cg, point symmetry group, there exists a symmetry-protected Dirac
cone at the K-symmetry point. To be more specific, the first and second bands cross
each other forming a Dirac point with frequency of 12.5THz, with the frequency
dispersion nearby this Dirac point being linear. Moreover, the Cg, point symmetry
group is reduced to C3,, symmetry group when holes with finite radius, r # 0, are
introduced in the unit cell of the graphene metasurface. One consequence of this
change in symmetry is that a band gap opens at the frequency of the Dirac point.
For a radius of r = 70nm [red lines in Fig. 3.13(a)], the frequency minimum of the
second band remains practically unchanged whereas the frequency maximum of the
first band decreases by about 2.1 THz. This bandgap, which opens upon breaking
the inversion symmetry of the lattice, is topologically nontrivial and is indicated in
Fig. 3.13(a) by the yellow strip. All these results remain qualitatively unchanged if
the hole radius r is varied, with the frequency bandgap becoming wider (narrower)
when the radius r increases (decreases). In our subsequent analysis, the radius of

the smaller holes is fixed to » = 70nm.

The projected band structure of the composite metasurface that contains the
1D interfacial waveguide has been computed numerically and is presented in Fig.
3.13(b). In these calculations we used a supercell with a number of 20 unit cells
along the y-axis and periodic boundary conditions along the x-axis. Since the meta-
surface is periodic along the x-axis with period a, the wave vector component k,
varies from 0 to 7/a. The green regions in Fig. 3.13(b) represent the projected bulk
bands, with one such mode being indicated by the yellow curve, whereas the blue
and red lines represent the frequency dispersion curves of a trivial edge mode prop-
agating at the edges of the metasurface and a topological valley waveguide mode
located at the domain-wall interface between two metasurfaces, respectively. Also,
the yellow band shows the nontrivial bandgap. Moreover, the dispersion curves of
the trivial edge mode and waveguide topological mode cross each other, suggest-

ing that, near the crossing frequency, optical power can be efficiently transferred
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Figure 3.14: From the top to bottom panel, field distribution of the topological interface
mode corresponding to 11.7 THz, trivial edge mode determined at the same
frequency [labelled E; and E, in Fig. 3.13(b), respectively], and the bulk mode
labelled Ej, in Fig. 3.13(b), respectively.

between the two modes.

To further explore the optical properties of the modes of the finite, compos-

ite graphene metasurface (bulk, edge, and topological modes) we have determined

their optical field profiles. In the case of the topological valley mode and trivial

edge mode, we chose a frequency inside the bandgap, of 11.7 THz; the correspond-

ing field distributions are depicted in Figs. 3.14(a) and 3.14(b), respectively. The

optical field of the topological interfacial mode propagates along the waveguide

formed by the two metasurfaces, whereas the optical field of the edge mode is lo-

cated at the boundary of the metasurface. Note that the field distribution of both

modes is highly localized, which is primarily due to the large electric permittivity
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of graphene. Moreover, we also plot in Fig. 3.14(c) the optical field profile of the
bulk mode indicated in Fig. 3.13(b) by the yellow curve, determined at wave vec-
tor and frequency marked with the red dot labelled “E}, . As expected, the optical
field of the bulk mode spreads throughout the graphene metasurface, but the corre-
sponding field intensity is markedly stronger in the upper half of the metasurface.
Our simulation results show similar electric field profiles for the bulk mode deter-
mined at the other two points labelled by “E},,” and “E},”. However, despite the fact
that field profiles of the bulk mode do not change much among the points Ej, , Ej,,,
and Ej,, the group velocity (GV) determined at these points has significantly dif-
ferent values. As it will become apparent later on, this has important consequences
regarding the operation of our device, especially vis-a-vis its optical tunability.
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Figure 3.15: From leftmost to the rightmost panels, projected band diagrams of the com-
posite graphene metasurface, calculated for the unperturbed photonic sys-
tem (P, = 0), as well as for a photonic system in which the pump power is
P, = 8.8uW and P, = 11uW, respectively. The pump power is inserted in
the mode labelled E},. The horizontal dashed line indicates the frequency of
an optical signal to be transferred from the edge mode into the topological
waveguide mode.
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The field distribution of the pump mode plotted in Fig. 3.14(c) suggests that
the coupling between the edge and topological interfacial modes could be tuned by
dint of the Kerr effect to vary the electrical permittivity of graphene in the region
between the edge of the metasurface and the interface. Therefore, we investigate the
influence of the optical power propagating in the bulk pump mode on the dispersion
characteristics of the edge and topological modes. The results pertaining to the
calculation of the projected band structure of the metasurface under the influence of
Kerr effect are presented in Fig. 3.15. The projected band structures plotted in this
figure have been determined for increasing values of the pump power, P,. However,
in all these calculations we used the same (bulk) pump mode, namely the mode Ej,
at frequency of 9.9 THz in Fig. 3.13(b). These results show that, when injecting in
the mode Ej, pump power with increasing values of P, = 8.8uW and P, = 11uW,
the projected band structure of the composite metasurface is blue-shifted by about
0.4 THz and 0.5 THz, respectively, as compared to the projected band structure of

the unperturbed metasurface (P, = 0).

A consequence of this blue shift of the projected band diagram is that, for a
given frequency inside the nontrivial bandgap, the mismatch between wave-vectors
of the topological and edge modes, Ak, = ky; — ky ¢, varies with the inserted pump
power. Consequently, for a given frequency of the signal, the phase-matching con-
dition defined by Ak, = 0 can be satisfied by properly tuning the pump power. In
other words, the optical coupling between the edge and topological modes can be

effectively controlled by tuning the pump power coupled into the bulk mode.

Apart from this blue shift of the projected band diagram, the overall charac-
teristics of the frequency dispersion of the system are practically unchanged. This
is demonstrated by the fact that the main dispersion coefficients of the modes de-
pend only weakly on the pump power. This conclusion is illustrated by the results
presented in Fig. 3.16, where we plot the GV, vg, of the pump mode and its group
index, ng, defined as n, = c/v,. These physical quantities have been determined
for an unperturbed composite metasurface (P, = 0) and for a metasurface for which

P, = 11uW. Note that we chose to focus on the influence of the pump power in
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Figure 3.16: (a), (b) Dependence on the wave vector k, of the group velocity vg (blue
curves) and group index n, (red curves) of the bulk mode indicated by the
yellow curve in Figs. 3.15(a) and 3.15(c), determined for a pump power of
P, =0 and P, = 11uW, respectively. The pump propagates in the mode la-
belled Ep, .

the bulk modes on the optical response of the metasurface because, as it is apparent
from Eq. (3.3), the pump power employed to optically tune the system depends on
the GV of the bulk mode.

In the case when P, = 0, which corresponds to Fig. 3.16(a), the dispersion
curve of the GV shows two zero-group-velocity (ZGV) points defined as vy (ky) =0,
at ky ~ 0 and k, =~ 0.775(x/a). These ZGV points define two SL regions where the
group index has particularly large values. Specifically, as k, is tuned from the bulk
mode Ej, [k, = 0.68(7/a)] to the bulk mode Ej, [k, = 0.774(7/a)], v, decreases

and approaches zero, resulting in an increase of the group index to over 1000. This
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physical picture changes only slightly when P, # 0. The main difference in the case
when a pump power is applied is that the values of the optical dispersion coefficients
change with the pump power, especially near the edge of the first Brillouin zone,
namely near k, = 7/a.

The property of extremely small group velocity of the bulk modes can be em-
ployed to optimize the operation of the nonlinear optical coupler. To be more spe-
cific, it can be seen from Eq. (3.3) that for a given pump power P, the smaller the
GV of the mode (that is, the deeper in the SL regime the device is operated), the
larger an optical field is generated and consequently a larger variation of the index
of refraction of the metasurface is achieved. Therefore, for a given operating pump
power, the smaller the GV is, the larger is the induced frequency shift of the pro-
jected band structure. As a design principle, it becomes apparent that in order to
attain an optimum operation of our nonlinear optical coupler, namely to achieve a
minimum operating pump power, the system parameters must be chosen in such a

way that the phase-matching condition Ak, = 0 is fulfilled in the SL region.

3.4.2 Analysis of The Phase-matching Condition

To control optically the frequency dispersion of the topological waveguide mode
and its coupling to the edge modes, we use a pump beam that propagates in a bulk
mode of the metasurface, illustrated by an orange arrow in Fig. 3.17. Specifically,
the electrical permittivity of the metasurface can be controlled using the pump beam
via the Kerr effect in the graphene. The input red arrow in Fig. 3.17 indicates the
excitation of the edge mode that carries the optical signal. Upon coupling to the
topological waveguide mode, the signal propagates to the output of the waveguide
where it is collected. Since the difference between the wave-vectors of the topolog-
ical and edge modes is the key physical parameter that governs the efficiency of the
optical coupling between the two modes, in what follows we focus our attention on
the dependence of this physical quantity on the pump power, P,,.

To begin with, we assume that the pump power is inserted in the graphene
metasurface using the bulk mode Ej,. For this configuration, using full-wave nu-

merical simulations based on the finite-element method, we determined the spatial
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bulk mode
Il cedge mode
topological mode

Figure 3.17: Schematic of the graphene metasurface plasmonic waveguide showing the
coupling between the edge and topological interfacial modes. The graphene
waveguide is created by adjoining together in a mirror-symmetric way two
semi-infinite graphene metasurfaces consisting of a hexagonal periodic dis-
tribution of holes with primitive unit cell marked by blue rhombus. The red
and yellow arrows indicate the optical signal coupled to the trivial edge mode
(red) and the output signal collected from the topological mode (yellow), after
it propagated along the domain-wall interface. The orange arrow indicates the
pump beam propagating in the bulk mode, and is used to control the optical
coupling between the edge and interface modes.

field profile in the nonlinear optical coupler for pump power values of P, = 0 (un-
perturbed metasurface) and P, = 10uW, the corresponding results being presented

in Fig. 3.18(a) and 3.18(b), respectively.

We used absorbing boundary conditions, and placed the boundaries of the com-
putational domain in such a way that they are slightly separated from the graphene
metasurface by a thin layer of air. By avoiding the graphene metasurface to reach
the boundaries of the computational domain one improves the accuracy and stabil-
ity of the simulations. Moreover, the transverse width of the upper domain of the
graphene structure has width of 10 unit cells and was chosen to be larger than that
of the lower domain, which has width of 3 unit cells, because both the overlap be-
tween the optical fields of the two modes and the field distribution of the bulk pump

mode are primarily localized in the upper domain of the graphene metasurface. In
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Figure 3.18: (a), (b) Spatial field profile in the nonlinear coupler, determined for P, = 0
and P, = 10uW, respectively. The input pump power is injected in the bulk
mode Ej, at frequency of 11.7THz, via a dipole source indicated by the red
arrow. (c), (d) Fourier transform of normalized electric fields of the trivial
edge mode, E,, and topological mode, E;, shown in Fig. 3.18(b), respectively.
The spatial intervals of the Fourier-transform calculations of the edge and
topological modes are marked by light and dark blue lines in Fig. 3.18(b),
respectively.

addition, with this choice the simulation time decreases. Finally, the edge mode is
excited via a dipole source (red arrow) with frequency of 11.7THz, placed in the
vicinity of the top boundary of the graphene metasurface with length of 65 unit cells
along the longitudinal direction.

Our calculations show that when P, = 0, the wave-vector mismatch is rela-
tively large, Ak, = 0.287/a. As expected, because of this significant wave-vector
mismatch only a small amount of optical power couples into the topological mode,
a fact illustrated by Fig. 3.18(a), too. By contrast, when the pump power injected in

the bulk mode Ej,, increases to P, = 10uW, the spatial field distribution presented in
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Fig. 3.18(b) reveals an efficient optical coupling between the topological and edge
modes. This conclusion is also supported by the significantly reduced value of the
wave-vector mismatch, which in this case is Ak, = 0.0327/a. This demonstrates
that the amount of optical power transferred from the edge mode to the topologi-
cal waveguide mode can be effectively tuned by optically tuning the wave-vector
mismatch between the two modes via the pump power P, propagating in the bulk
mode.

The wave-vector mismatch can also be extracted from the spatial field profiles
presented in Figs. 3.18(a) and 3.18(b), which provides an alternative approach to
quantitatively analyzing the operation of the proposed nonlinear optical coupler.
This approach consists in Fourier transforming the field profiles, E(r), to the mo-
mentum space, E(Kk), and subsequently extracting the value of the wave-vectors
corresponding to the peaks of the field spectra. This procedure is illustrated by the
spectra plotted in Figs. 3.18(c) and 3.18(d), which correspond to the edge and topo-
logical modes observed in Fig. 3.18(b), respectively. These spectra, corresponding
to a pumped metasurface, display two symmetrically located peaks pertaining to
forward- (k.,k;) and backward-propagating (—k,., —k;) modes.

To gain deeper insights into the physics of the optical coupling between the
edge and topological modes, we developed a coupled-mode theory (CMT) that de-
scribes the dynamics of the mode amplitudes upon their propagation in the graphene
metasurface. To this end, consider the x-dependent amplitudes of the edge and
topological mode, E.(x) and E,(x), respectively, in a case characterized by the
wave-vector mismatch, Ak,. Then, their dependence on the propagation distance,
x, is governed by the following system of coupled ordinary differential equations

[83, 84]:

dElx) _ ik E, (x)e iBkx — %, (x), (3.4)
AED) _ ixE, (x)eihr — UE,(x), (3.5)

where ¢ is the loss coefficient due to intrinsic and radiative losses and K is the

coupling coefficient between the modes. Note that, for the sake of simplicity, we
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assumed that the loss coefficients of the two modes are equal.

After simple mathematical manipulations, one can derive from Egs. (3.4) and
(3.5) the dependence on the propagation distance of the physical quantities of inter-
est, namely the mode powers P,(x) = |E.(x)|? and P;(x) = |E;(x)|>. Subject to the
initial conditions E,(0) = Ey and E;(0) = 0, the optical power of edge and topolog-

ical interface modes can be expressed as:

P.(x) = g—ze*a/x [£2cos?(Ekx) + p?sin?(Exx)], (3.6)
P(x) = g—oe—azx sin? (€ kx), (3.7)

where Py = |Ey|? is the initial power inserted in the edge mode, p = Ak, /(2k) is a
parameter that measures the relative coupling strength, and & = \/rp2 is a wave-
vector scaling factor. It can be easily verified using Egs. (3.6) and (3.7) that the total
power in the two modes satisfies the power decay relation, P,(x) + P, (x) = Pye™ %*.

The CMT provides us an alternative approach to determine the wave-vector
mismatch between the edge and topological modes, and consequently the means
to validate the physical assumptions on which the CMT is based. In particular, by
fitting the powers P,(x) and P;(x) determined using full-wave simulations with the
analytic solutions Egs. (3.6) and (3.7), one can extract the parameters Kk and Ak,
of the nonlinear optical coupler. This procedure and the corresponding results are
summarized in Fig. 3.19. Thus, we present in Figs. 3.19(a) and 3.19(b) the de-
pendence on the propagation distance of the optical power in the topological mode,
P;(x), determined in the regime of weak coupling (P, = 12.3uW) and optimum
coupling (P, = 15.4puW), respectively, when the pump power is inserted in the bulk
mode Ej, . In the full-wave simulations the power F; is computed by integrating the
longitudinal component of the Poynting vector, Sy, across the transverse extent of
the interface region.

The top two panels of Fig. 3.19 show that the CMT solution of Egs. (3.4) and
(3.5) provides a good fit for the variation of the envelope of the full-wave solution
obtained numerically, suggesting that it properly captures the main physics of the

optical structure. The full-wave simulations, on the other hand, describe the power
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Figure 3.19: (a), (b) Power of the topological interfacial mode, F;, vs. the propagation
length L, determined in the regimes of weak coupling (P, = 12.3uW) and
optimum coupling (P, = 15.4uW), respectively, as predicted by the CMT.
Blue and red curves correspond to full-wave simulations and fitted solutions
of the CMT, respectively. (c¢) Dependence of wave-vector mismatch, Ak,, on
the pump power P, injected in the bulk mode Ej,. The wave-vector Ak, is
extracted from the projected band diagram (red line), Fourier transform of
the spatial distribution of the propagating fields (dots), and CMT (stars). (d)
Coupling coefficient k¥ vs. pump power P,, predicted by the CMT.

dynamics at the lattice constant scale. Moreover, it can be seen in Fig. 3.19(a) that
if the pump power P, = 12.3uW, the power P, determined using the CMT oscillates
with period of about 154, the wave-vector mismatch and coupling constant being
Ak, =0.117/a and k¥ = 0.0457 /a, respectively. When the pump power is increased
to P, = 15.4uW, which corresponds to the data in Fig. 3.19(b), the period of the
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power oscillations increases to 40a, whereas Ak, = 0.0247/a and k = 0.0067/a. It
can be said that an optimum coupling regime has been reached as the wave-vector
mismatch between the two modes has decreased to a vanishingly small value.

To quantify more completely the influence of the pump power on the efficiency
of the mode coupling, we determined the wave-vector mismatch for different values
of the pump power using the three methods we just described. The results of these
calculations, presented in Fig. 3.19(c), demonstrate that the wave-vector mismatch
determined using the projected band diagram (Aky), the Fourier transform of the
spatial distribution of the field (Akrr), and the CMT (Akcy,7) depends on the pump
power in a similar way, the only difference being a slight shift of a few uW’s among
the corresponding curves. Specifically, in all three cases, the wave-vector mismatch
vanishes for the pump power P, injected in the bulk mode E),, approaching a certain
value, so that all three methods predict that efficient mode matching can be achieved
by tuning P,.

The CMT allows one to extract from the power dynamics not only the wave-
vector mismatch but also the coupling constant k. The relevant data, plotted in Fig.
3.19(d), show that x reaches a minimum value for the same pump power for which

Akcyr =~ 0, that is when the two modes are phase-matched.

3.4.3 Optically Controllable Mode Coupling in the Slow-light
Regime

As we have previously alluded to, SL effects can potentially be used to reduce the
operating pump power of the nonlinear optical coupler. To quantitatively analyze
these nonlinear optical effects, we tuned the frequency of the pump beam in such a
way that the corresponding GV of the bulk pump mode is significantly reduced and
repeated the analysis performed in the case when the pump power is inserted in the
bulk mode Ej, . In what follows, we discuss the conclusions of these computational
investigations.

To vary the GV of the pump beam we chose its frequency in such a way that
the bulk pump mode is tuned from Ej,, to Ej, and finally to Ej,,. In the first part of

our analysis, in all these three cases we used the Fourier transform based approach
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Figure 3.20: (a) Wave-vector mismatch Ak, vs. pump power P,, when the pump beam
propagates in mode Ej, (red), Ep, (blue), and Ep, (green). The solid and
dotted curves correspond to Ak, extracted from the projected band diagram
and calculated by Fourier transforming the spatial distribution of the field,
respectively. (b) Ratio 7, between the output power in the topological mode
and the input power in the edge mode vs. the pump power, determined for
the pump modes Ej, (red), £, (blue), and Ej, (green). The solid curves are a
guide to the eye.

to compute the pump power dependence of the wave-vector mismatch, Ak,, the
outcome of these calculations being depicted with dotted symbols in Fig. 3.20(a). In
addition to this analysis based on the Fourier transform of the spatial field profiles,
we also used the pump power dependent projected band diagrams to extract the
value of Ak, and summarize the results of these calculations in Fig. 3.20(a) using

solid curves.

In all three cases the two methods agree in their prediction of the pump power
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at which the two modes are phase-matched (Ak = 0). When the phase-matching
condition is fulfilled by tuning the pump power to a certain value, the topological
and edge modes are most efficiently coupled, meaning that a maximum amount
of power can be transferred between the two modes. Note that this critical pump
power value depends strongly on the GV of the pump beam. In particular, this pump
power decreases by more than 100x when the pump mode is pushed deep into the

SL domain, namely when it is tuned from mode E},, (red curve) to Ej,, (green curve).

The most important parameter that characterizes our nonlinear optical coupler
is the transmission coefficient, 1;, defined as the ratio between the output power
in the topological mode and the input power of the edge mode, as it quantifies the
efficiency of the optical coupler. Therefore, in the second part of our analysis of the
nonlinear optical coupler we have determined the dependence of 71, on the pump
power. These computations, whose conclusions are presented in Fig. 3.20(b), have
been performed for the pump modes Ej, (red), Ej, (blue), and Ej, (green). The
pump power dependence of the transmission 1); shows that, as expected, in all cases
there is a certain value of the pump power for which maximum transmission is
achieved. This pump power at which maximum transmission corresponds to Ak =0
[Fig. 3.20(a) and 3.20(b)] which demonstrates that the optical power is transferred
between the two modes through evanescent mode coupling. Importantly, the pump
power required to achieve maximum power transfer decreases as the GV of the
pump mode, v,, decreases; however, it is noteworthy to point out that the maximum

transferred power does not depend on vy.

3.5 Conclusion

In summary, we demonstrated the graphene nanohole plasmonic metasurface whose
spatial-inversion symmetry is broken by introducing extra nanoholes. The spatial-
inversion symmetry breaking of graphene metasurface opens up a symmetry-
protected Dirac cone, which leads to the emergence of a nontrivial bandgap. Based
on the Wilson loop computational method, the non-vanishing valley Chern numbers

calculated inside discretized domains around K and K’ valleys, quantitatively define
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the topological nontrivial property of the proposed graphene metasurface. Our re-
sults show that the computational accuracy of valley Chern number for the first band
is strongly dependent on the size of bandgap. Specifically, since the Berry curva-
ture distribution of the first band with a narrower bandgap is less spread around each
valley, the calculated valley Chern number is more closed to +-1/2. By placing two
halves of graphene nanohole metasurfaces together in a mirror-symmetric manner,
a 1 valley Chern number difference across the domain-wall interface is achieved.
As a result, a topological interface mode appears inside the bandgap and its corre-
sponding light propagation along the domain-wall interface shows a unidirectional

feature.

Based on the linear optical response of the proposed graphene nanohole meta-
surface, an active optically-tunable switch has been proposed based on the Kerr
effect in the proposed topologically protected valley-Hall graphene nanohole plas-
monic metasurface. Taking advantage of the graphene platform with a large non-
linear refractive index, the Kerr effect of graphene is used to shift the frequency of
nontrivial bandgap due to the variation of refractive index of the system, so that we
can optically control the signal propagation in the graphene nanohole waveguide.
Under the pump injected by bulk modes with reduced GV, our computational re-
sults show and prove that the transmission of the optical signal steeply decreases
as the increment of the pump power, which indeed realizes an active all-optical
switch. Specifically, the switching power is strongly dependent on the GV of pump
mode, and the required switching pump power is significantly reduced when the all-
optical switch works in the SL regime. This design of optically controllable switch
may contribute to the development of active photonic nanodevice implemented in

integrated graphene-based topological systems.

Moreover, we have investigated an optically controllable nonlinear coupler that
can be used to transfer optical power between a trivial edge mode and a topologi-
cal interface mode of the proposed graphene nanohole plasmonic metasurface. The
nonlinear optical coupler is controlled via the Kerr effect in graphene induced by

a pump beam. Specifically, the pump beam is employed to tune the band structure
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of the photonic system and, consequently, the key parameter that defines the effi-
ciency of the nonlinear optical coupler, namely the wave-vector mismatch between
the edge and topological interface modes. Importantly, we have also demonstrated
that the required pump power can be significantly reduced if the optical device is
operated in the slow-light regime. We performed our analysis using both ab ini-
tio full-wave simulations and a CMT that captures the main physics of this active
coupler and observed a good agreement between the two approaches. Practical tech-
nological implications of this work have been discussed, too. Our work proposed
a new way to excite topological interface mode via optically-controllable coupling
between topological and trivial edge modes with high efficiency, which can facil-
itate and spur the development of new or improved active photonic devices that
combine the advantages provided by topological photonics and nonlinear optics.

In addition to the proposed graphene nanohole plasmonic crystal metasur-
faces with reduced spatial-inversion symmetry, in the next chapter, we design a
bilayer graphene metasurface to realize valley topological plasmonic modes by uti-
lizing a novel mechanism of mirror symmetry breaking between the top and bottom
graphene layers by horizontally shifting two layers, and the topological properties

of the bilayer graphene metasurfaces will also be discussed.
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Chapter 4

Topological valley plasmon transport
in bilayer graphene metasurfaces for

sensing applications

4.1 Introduction

Previous chapters present the monolayer topologically-protected graphene plas-
monic metasurface with nanoholes of different sizes, which is further applied to an
active optically-controllable nanoswitch and a nonlinear mode coupler. However,
the new inversion symmetry breaking, like mirror-symmetry, can be introduced
when an additional layer is added and coupled to a single-layer graphene system.
Hence, in this chapter, we design a bilayer graphene metasurface to realize, to the
best of our knowledge, for the first time, valley topological plasmonic modes by uti-
lizing a novel mechanism of mirror-symmetry breaking between the top and bottom
freestanding layers of a graphene metasurface, by horizontally shifting in opposite
directions the lattice of holes of the top layer. Although the spatial-inversion sym-
metry of each individual graphene layer is unperturbed, the proposed bilayer system
provides a new mirror-symmetry breaking between the top and bottom layers when
the interlayer coupling is enhanced. As such, the symmetry-protected Dirac cones
are gapped out at the K point and, consequently, a topological nontrivial frequency

bandgap emerges. Furthermore, topologically guided valley modes are observed
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along a domain-wall interface with respect to which the composite metasurface is
mirror symmetric. Our full-wave numerical simulations verify that the light propa-

gation along the domain-wall interface shows indeed a unidirectional feature.

Based on the unidirectional propagation feature of the topological interface
mode in the bilayer graphene metasurface, an efficient sensing application has been
proposed in this chapter. As a single layer of carbon atoms arranged in a two-
dimensional (2D) honeycomb lattice, graphene is a particularly promising 2D ma-
terial for sensing applications, chiefly due to its distinct advantages, such as, large
surface area [1, 2, 3], tunable optical properties [4, 5, 6], high carrier mobility [7, 8],
and high electrical and thermal conductivity at room temperature [9, 10, 11]. A
large number of graphene-based sensors in electrochemical [12, 13], strain [14, 15]
and electrical areas [16, 17] has been proposed. For instance, for electrochemical
sensors, the large surface area of graphene contributes to the loading of the desired
molecules with effective interaction. Based on Kubo’s formula, the optical charac-
teristic (surface conductivity oy) of graphene is highly dependent on its chemical
potential, which can be tuned by electrostatic biasing [18, 19] or chemical doping
[20, 21]. Therefore, graphene is particularly suitable for chemical sensing because
the chemical tunability of graphene can significantly influence its optical response

to an applied electric field.

To illustrate the applicability of graphene for chemical sensing, in what fol-
lows we demonstrate how a topological interfacial mode in the bilayer graphene
plasmonic metasurface can be used to design a molecular gas sensor using the fact
that the Fermi energy of graphene varies upon chemical doping. This effect induces
a strong variation of the frequency of bandgap and the transmission of the topolog-
ical interface modes, which can be employed as the underlying working principle
of gas sensing devices. Specifically, the sensitivity of the proposed graphene-based
molecular sensor is defined and evaluated. Our work may open up new ways of
developing robust integrated plasmonic devices for molecular sensing and gas de-

tection.

This chapter is organized as follows. In Sec. 4.2, the bilayer graphene nanohole
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plasmonic metasurfaces with a novel mirror symmetry-breaking are designed and
introduced. In addition, the unidirectional light propagation of the topologically-
protected interface mode excited by a circular-polarized source is discussed. Sec-
tion 4.3 introduces a molecular gas sensor based on the proposed bilayer graphene
metasurfaces, taking advantage of the chemical potential tunability of graphene
when the system is under the exposure of NO, gas molecules. In particular, the
transmission that can indicate the NO, concentration of the environment and cor-
responding sensitivity of the molecular sensor are quantitatively estimated. Fi-
nal conclusions about the proposed bilayer graphene waveguide and the designed

graphene-based molecular sensor will be given in Sec. 4.4.

4.2 Bilayer Graphene Nanohole Metasurfaces with

Mirror-symmetry Breaking

We will introduce in this section a well-designed bilayer graphene metasurface that
possesses plasmonic topological valley interface modes when the mirror-symmetry
of the metasurface is broken by horizontally shifting in opposite directions the lat-
tice of holes of the top layer of the two freestanding graphene layers. In this config-
uration, the light propagation of the topological valley mode along the domain-wall
interface of the bilayer graphene metasurface shows unidirectional features.

The schematic of the proposed graphene bilayer metasurface is shown in
Fig. 4.1. The bilayer metasurface consists of two freestanding, optically coupled
graphene plasmonic crystals with the same unit cell. Note that the conclusions of
this study remain qualitatively valid if one assumes that the two graphene layers
are separated by a certain dielectric material instead of air, the only changes being
of quantitative nature. Moreover, the hole lattice of the left- and right-hand side
domains of the top graphene layer is horizontally shifted, in opposite directions and
normally onto an interface lying along the x-axis, by a certain distance, s. As in-
dicated in Fig. 4.1(a), it leads to the formation of a mirror-symmetric domain-wall
interface along the x-axis. As we will demonstrate in what follows, this interface be-

haves as a plasmonic waveguide that possesses topological plasmonic modes. Each
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X

Figure 4.1: Schematic of the bilayer graphene metasurface. (a) The metasurface contains a
domain-wall interface oriented along the x-axis, which is constructed by shift-
ing the hole lattices of the two halves of the top graphene layer (purple) w.r.t.
the bottom layer (green) along the positive and negative directions of the y-axis.
(b) Top view of the unit cell with lattice constant, a, and horizontal shift, s. Hole
centers O and O’ correspond to the unit cells of the bottom and top layer, re-
spectively. (c) Bird’s eye view of the unit cell with a separation distance, #,
between the two layers.

domain consists of a hexagonal graphene plasmonic crystal with a hole in the unit
cell. The top view and bird’s eye view of the unit cell are given in Figs. 4.1(b) and
4.1(c), respectively. Here is the same as the monolayer graphene metasurface, we
fix the lattice constant a = 400nm, the hole radius r = 100nm, and the separation

distance between the top and bottom layers, 7 = 90nm.

Unlike the case of the monolayer graphene metasurface protected by the Cg,
point symmetry group, the bilayer graphene nanohole metasurface is protected by
the Dgj, point symmetry group [22, 23, 24]. Moreover, the frequency maxima and
minima located in the momentum space vary. For the monolayer graphene metasur-
face or the mirror-symmetric bilayer graphene metasurface (s = 0), the frequency
maxima and minima are located at the high-symmetry points of the FBZ. However,

in the case of a bilayer metasurface with s # 0, the optical interlayer coupling and



4.2. Bilayer Graphene Nanohole Metasurfaces with Mirror-symmetry Breaking153

the mirror-symmetry breaking between two graphene layers have a strong effect
on the frequency maxima and minima. Thus, in order to properly identify the fre-
quency band gap, the plasmonic bands of this bilayer graphene metasurface have

been evaluated in the entire FBZ.

4.2.1 Band Diagrams of Bilayer Graphene Metasurfaces

The simulation settings of bilayer graphene nanohole crystals are shown in Fig.
4.2. In order to properly identify the frequency maxima and minima of the bilayer
graphene metasurfaces, the plasmonic bands of this bilayer graphene metasurface
have been evaluated in the entire FBZ and the hexagonal FBZ is discretized along
the k, and k, directions. As shown in Fig. 4.2(c), the k vector in the FBZ is dis-
cretized into 500 points in the k-axis and ky-axis, respectively. By sweeping total
500 x 500 (ky,ky) points, the band diagrams of the bilayer graphene metasurfaces
throughout the entire FBZ have been determined and the results are shown in Fig.

4.3.

Air ||

Air

(a) (b) (c)

Figure 4.2: Simulation settings on the bilayer graphene nanohole crystal. (a) Periodic
boundary conditions are placed along the x-axis and y-axis while absorption
boundary conditions are placed on the air interface along the z-axis. (b) Mesh
distribution of a unit cell of the bilayer graphene crystal. (c) Discretized entire
FBZ along the k, and k, directions.
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Figure 4.3: Band diagrams of a bilayer graphene metasurface in the FBZ. (a) Band diagram
of a bilayer graphene metasurface with s = 0, in which the coupling between
the top and bottom graphene nanohole crystals is very weak. (b) Band dia-
gram when the optical coupling between top and bottom graphene crystals is
enhanced by reducing the separated distance # = 90nm. (c) Band diagram of a
composite bilayer graphene metasurface in which the coupling between the top
and bottom graphene plasmonic crystals is relatively strong, namely 7 = 90nm
and s = 100nm, as depicted in Fig. 4.1(c). Since the mirror-symmetry of the
composite graphene metasurface is broken in this case, a nontrivial bandgap
corresponding to the light yellow region emerges.
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When the distance & between the top and bottom graphene layers in Fig. 4.1(c)
is large, the optical near-field coupling between the two layers can be neglected.
As a consequence, each graphene layer, which is a plasmonic crystal, possesses
decoupled Dirac cones protected by Dg;, point symmetry group [25]. This is in-
deed verified by the bands presented in Fig. 4.3(a), where the Dirac cones located at
14 THz of each graphene plasmonic crystal perfectly overlap. In order to enhance
the optical coupling between the top and bottom graphene layers, the distance 4 is
reduced to 7 = 90nm, which results in a strong interlayer coupling. Figure 4.3(b)
shows the effect of this interaction. Thus, due to the strong coupling between the
metasurfaces, it is possible to achieve a mirror-symmetry breaking by introducing a
horizontal shift of s = 100nm, as explained above. As a result, the Dgj,-symmetry-
protected Dirac cones are gapped out, and a frequency band gap emerges. Specif-
ically, the band diagram of the bilayer graphene metasurface exhibits a 0.21 THz
topological gap from 13.96 THz to 14.17 THz, as depicted in Fig. 4.3(c). Moreover,
the frequency maxima and minima are not necessarily located at the high-symmetry
points of the FBZ, which could be clearly obtained by comparing frequency maxima

and minima between Figs. 4.3(a) and 4.3(c).

Since the bilayer graphene metasurface has hexagonal symmetry, it possesses
six Dirac cones (see Fig. 4.3) with two non-equivalent valleys at K and K’ symmetry
points. The integral of the Berry curvature around each valley defines the valley
Chern number of Cg g = £1 /2 [26, 27]. Moreover, the two valleys at K and K’
are related to each other via rotations of the metasurface by 7 /3, m, and 57/3.
Therefore, in order to construct a domain-wall interface that can possess topological
interface modes, one can place together two bilayer graphene metasurfaces with
s # 0 in a mirror-symmetric manner, i.e. rotated by 7 with respect to each other, as
per Fig. 4.1(a). Consequently, the difference of the valley Chern number across the
domain-wall interface at each valley is +1 or —1. In this way, we can obtain a pair
of valley-momentum-locked interface states, where the interface state at one valley

has a positive group velocity whereas the other has a negative one.

Starting from these ideas, the projected band diagram of a finite bilayer
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Figure 4.4: Supercell of the finite bilayer graphene crystal with a domain-wall interface
constructed by two mirror-symmetric domains. Periodic boundary conditions
are placed along the x-axis while absorption boundary conditions are placed
along the y-axis and z-axis.

graphene metasurface, consisting of 20 unit cells along the y-axis and periodic along
the x-axis is computed, and the detailed simulation settings are given in Fig. 4.4. A
mirror-symmetric domain-wall interface is constructed, in which the valley Chern
number difference between K and K’ valleys could support topologically protected
interface modes. Due to the mode scattering being considered in two air domains
with placed absorption boundary conditions, there exists other types of trivial edge
modes that could emerge inside the nontrivial bandgap and propagate along the
boundaries of the finite bilayer graphene metasurface. Since the finite supercell
of the bilayer graphene metasurface is periodic along the x-axis with period a, the
band diagram is computed with the wave vector component k, from 0 to 7/a, and

the results are presented in Fig. 4.5.

The topologically protected edge modes are marked by red lines while the dark
red regions represent the projected bulk modes. As a structure with finite width

along the y-axis (20 unit cells), the graphene bilayer metasurface embedded air has
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Figure 4.5: (a) Projected band diagram of a finite bilayer graphene metasurface with a
width of 20 unit cells and domain-wall interface generated by shifting two
halves of the top layer w.r.t the bottom graphene layer (s = 100nm). Topo-
logical interface modes and trivial edge modes are represented by red and blue
lines, respectively, whereas bulk modes correspond to maroon regions. (b)
Field distribution of a trivial edge mode located at the upper boundary of the
graphene metasurface, which corresponds to () and @) in (a). (c) Field distribu-
tion of a trivial edge mode located at the lower boundary, which corresponds to
@ and @ in (a). (d) Field distribution of a topological interface mode marked

by point Q) in (a).

other types of edge modes, too, marked with blue lines in Fig. 4.5(a). These modes
are localized at edges of the metasurface and are trivial modes. The trivial edge
modes generally appear in pairs inside the gap, e.g. points (I) and @) and points )
and @ shown in Fig. 4.5(a).
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In order to gain deeper physical insights into these two different types of edge
modes, we investigated optical field distributions of the edge modes corresponding
to points marked in Fig. 4.5(a). Thus, Figures 4.5(b) and 4.5(c) show the highly
confined field profiles of the trivial edge modes located at upper and lower bound-
aries of the metasurface, respectively. The points (I) and (2) and points 3) and @) in
Fig. 4.5(a) indicate two pairs of edge modes located at opposite boundaries of the
metasurface, and can be clearly distinguished from topological interfacial modes.
Furthermore, at the frequency of 14.16THz, located inside the bandgap, there is
another edge mode indicated in Fig. 4.5(a) by the red dot ), the corresponding
field distribution being presented in Fig. 4.5(d). This field profile clearly shows that
the optical field of this topological mode is confined and localized at the domain-
wall interface. Specifically, the topological edge modes correspond to pure guided

modes whereas the trivial edge mode to leaky guided resonances.

Figure 4.6: Spatial distribution of the E,, E,, and E; components of the topological modes
with respect to the domain-wall interface marked by red lines in Fig. 4.5(a).

It should be noted that there are more than one topological interface modes
that are marked by red curves. Although some of them are not inside the nontriv-
1al bandgap, it is still necessary to further investigate the mode properties of these
topological interface modes, so that the spatial distributions of the Ey, E), and E,
components of these topological interfacial modes are shown in Fig. 4.6. All the

topological interfacial modes have the same symmetry with respect to the domain-
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wall interface. To be more specific, with respect to the interface, the field compo-

nents Ey and E; are symmetric whereas the field component E, is antisymmetric.

4.2.2 Topological Properties of Interfacial Modes

Our computational investigations demonstrate an important property of the inter-
facial topological modes, namely their unidirectional propagation. Thus, in prac-
tice, the topological graphene metasurface is generally a finite system, namely, the
graphene metasurface is truncated in the x- and y-direction. In order to break the
periodicity along the x-axis, absorption boundary conditions are placed on all the
boundaries of the finite bilayer graphene metasurface with length of 35a along the

X-axis.
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Figure 4.7: Projected band diagram in which there are two topological edge states (points
(D and (@) with opposite group velocities at the frequency of 14.16 THz.

We show in Fig. 4.7 the projected band diagram with k, from —x/a to 7 /a,
and the line corresponding to the frequency 14.16 THz is inside the bandgap and
only crosses the topological band at two points, i.e. points (I) and @), around K’ and

K valleys, respectively. When a monochromatic light source with a frequency of



4.2. Bilayer Graphene Nanohole Metasurfaces with Mirror-symmetry Breaking160

14.16 THz is used to excite the bilayer graphene metasurface, only two topological
interfacial modes corresponding to points (I) and @) can be excited. These two
points have opposite group velocities, which can lead to the light propagation of a
topological mode along the domain-wall interface in opposite directions.

In order to study the chirality-momentum-locking property, which arises from
the valley-Hall effects induced by the intrinsic chirality associated to each valley
[28, 29], the excitation source with a frequency of 14.16 THz was constructed by
placing at the corners of a small hexagon six electric dipoles marked by circles in
Fig. 4.8. More specifically, six electric dipoles with a phase that increases clock-
wise are placed at the six corners of a hexagonal unit cell, and the phase difference
between neighboring dipoles is set to +x/3 (circles from blue (or red) to red (or
blue)), so as to implement right-circularly polarized (RCP) and left-circularly po-

larized (LCP) sources, respectively.
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Figure 4.8: (a) Unidirectional propagation along the negative direction of the x-axis, cor-
responding to point (@) in Fig. 4.7, when the finite metasurface is excited by a
right-circularly polarized (RCP) source. (b) The same as in (a), but for a left-
circularly polarized (LCP) source. In this case, the topological interfacial mode
propagates along the positive direction of the x-axis, corresponding to point ()
in Fig. 4.7.

As illustrated in Fig. 4.8(a), a RCP light source is placed at the center of the
composite bilayer graphene metasurface, and unidirectional topological propaga-

tion of light along the negative direction of the x-axis of the domain-wall interface
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is observed, which corresponds to point (2) in Fig. 4.7 with a negative group veloc-
ity. Similarly, as shown in Fig. 4.8(b), a LCP light source located at the center of
the metasurface, created by reversing the phase difference between adjacent dipoles,
excites at the interface a topological mode that propagates and is focused along the
positive direction of the x-axis, corresponding to the point (I) in Fig. 4.7 with a
positive group velocity. If the dissipative effect of graphene is considered, the com-
plex part of the surface conductivity of graphene contains the relaxation time 7 that
determines the dissipate effect. The relaxation time is 50ps in our simulation, and
the corresponding propagation distance in bilayer graphene metasurfaces is around
16 um. The propagation distances are 4um, 1.3um and 0.6 um when 7=10ps, 1ps

and 0.5 ps, respectively.

4.3 molecular gas sensor Based on Bilayer Graphene

Metasurfaces

Generally, the chemical potential u. of graphene is proportional to the Fermi veloc-
ity and the carrier density ng, which can be tuned via molecular doping as a well-
known type of chemical doping [30]. This tunability makes it possible to engineer
the chemical potential of graphene with high precision. As such, graphene-based
sensors can be used to detect the concentration of specific gases in the environment,
by measuring the concentration of the corresponding gas molecules adsorbed onto
a graphene sheet in the room temperature. To add specificity to our analysis, we

assume that the gas is NO;.

4.3.1 Tunable Chemical Potential of Graphene

Surface transfer doping occurs via electron transfer between graphene and dopant.
The electron transfer is determined by the relative position of the density of states of
the highest occupied molecular orbital (HOMO) and lowest unoccupied molecular
orbital (LUMO) of the dopant and the Fermi level of graphene. If the HOMO of the
dopant is higher than the Fermi level of graphene, the electron will be transferred

from the dopant to the graphene layer, and the dopant acts as an electron donor;
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if the LUMO of the dopant is lower than the Fermi level of graphene, the electron
will be transferred from the graphene to the dopant, and the dopant acts as an elec-
tron acceptor. The mechanism of NO;, doping was investigated theoretically and
experimentally by Wehling er al. [31]. The Fermi level of NO; lies exactly in a
partially occupied molecular orbital (POMO), which is about 0.4 eV lower than the
Dirac point of graphene and independent of the adsorption configuration. There-
fore, the NO, molecule is a strong electron acceptor to accept an electron from
graphene. In addition, the paramagnetic single NO; molecule is a strong acceptor
for the monocular doping of graphene, whereas its diamagnetic dimer N,O4 causes
only weak doping [31]. Other gas molecules, such as NH3 and CO molecules act as
donors, show their potential on the chemical doping of graphene [32]. Since NO,
gas molecules adsorbed on graphene have been systematically studied, we choose
NO, gas molecules to tune the Fermi level of graphene based on the relationship
between the gas concentration and the carrier density of graphene obtained from

experiments.
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Figure 4.9: Chemical potential, u., of graphene with respect to different NO, concentra-
tions Cno, in the environment.

Schedin et al. experimentally studied the variation of the chemically induced
charge carrier density with respect to the concentration of NO, gas molecules ab-
sorbed onto a monolayer graphene [32]. When a monolayer graphene is exposed
in an environment with various NO, concentrations, a well-fitted linear relation be-

tween the induced charge carrier density Ang of graphene and NO; gas concentra-
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tions Cno, has been proved. Moreover, by applying positive or negative gate voltage
V, between the graphene, the induced charge carriers Ang in a single graphene layer
linearly increases with respect to the increase of the gate voltage V,. Specifically,
the linear relation can be expressed as ng = 3V,, where the linear parameter is ex-
perimentally determined as B ~ 7.2 x 10'%m=2V~!. Therefore, the gate voltage
V, applied on graphene directly corresponds to the NO; gas concentration Cno, ab-
sorbed onto the graphene sheet through an intermediate variable, induced charge

carrier density ng.

Since the chemical potential u. of graphene is proportional to the carrier den-
sity ng, the relation between the chemical potential of graphene and the concen-
tration of NO, gas molecules can be obtained from experimental results. First,
the chemical potential of graphene increases linearly with the increasing applied
gate voltage Vg, and the linear relation can be summarized as U. = yV,, where
¥~ 6.6 x 1073eV /V is extracted from the experiment [33]. Because the applied
gate voltage and the gas concentration have a similar effect on the induced car-
rier density (chemical potential) of graphene, a relationship between the chemical
potential and the NO, gas concentration can be calculated, which is the basic for-
mula for our designed graphene-based molecular sensor. Specifically, the relation
between the variation of the chemical potential induced by NO, gas with concen-
tration, Cno,, 1S Alle = 0tCNo,, Where the experimentally determined value of
isa~54x1073 eV/p.p.m [32, 33, 34]. Figure 4.9 indicates the variation of the
chemical potential of graphene from 0.2eV to 0.26 eV with respect to the increas-
ing concentration of NO, gas molecules in the environment. A 0.06eV small vari-
ation of the chemical potential of graphene indicates a relatively large sensitivity
of graphene in response to NO;, gas molecules up to 10 p.p.m. Note that the re-
lationship between the chemical potential of graphene and NO, gas concentration
is estimated in the room temperature. Since ideal gas law determines the concen-
tration with the given temperature, the higher temperature increases the number of
collisions between gas molecules and increases the volumes of total gas and NO,.

In addition, the temperature can be slightly adjusted for finer control of the adsorp-
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tion/desorption rates during the molecular doping process [32].

4.3.2 Graphene-based Molecular Sensor Design

The unidirectional propagation feature of the topological interface mode in the bi-
layer graphene metasurface investigated in this work can be applied to efficient
photonic nanodevices. To illustrate this, in what follows we demonstrate how the
variation of Fermi energy of graphene upon chemical doping can be utilized to de-
sign an efficient molecular sensor.

As shown in Fig. 4.10, the proposed bilayer graphene metasurface is used to
design a molecular sensor based on the large variations of its optical properties

induced by small changes of its chemical characteristics.
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Figure 4.10: Schematic of the proposed molecular sensor. The topological interfacial
mode carries an input power and output power in the regions I and III, re-
spectively. An additional bilayer graphene metasurface in the region II is
sandwiched in-between the regions I and III, and is used to detect the con-
centration of adsorbed molecules of a certain gas (NO; in our case).

The sensor consists of three bilayer graphene metasurfaces, marked as regions
I, I, and III, the lengths of these regions being /1, [, and /3, respectively, and the
corresponding chemical potentials . = U = U3 = 0.2eV. The gas molecules
can be adsorbed only in the region II, and upon their adsorption i, varies. A LCP
excitation source is placed at the center of the region I and the output power is
collected in the region III, whereas the region II is exposed to the environment and

detects the NO; gas molecules.
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4.3.3 Principle of The Bandgap Shift

The induced concentration of carriers is increased due to the NO, gas molecules
adsorbed onto the graphene sheet, which results in the increase of the chemical po-
tential U, in the region II. The variation of the chemical potential in the region II,
in turn, leads to a variation of the graphene permittivity. As shown in Fig. 4.11(a),
when the chemical potential of the bilayer graphene metasurface is slightly in-
creased from 0.2eV to 0.21eV with a small 0.01eV variation, the frequency of
the nontrivial bandgap under a 0.21eV chemical potential shows a relatively large
shift about 0.3 THz, compared to the frequency bandgap of the bilayer graphene
metasurfaces from 13.96 THz to 14.17 THz with u. = 0.2eV [see Fig. 4.3(c)]. Be-
sides, Figure 4.11(b) indicates that the variation of the chemical potential shifts but

does not influence the relative position of each band in the bilayer graphene meta-
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Figure 4.11: Band diagrams of the bilayer graphene metasurface with the chemical poten-
tial of 0.21eV. (a) Band diagram of the infinite bilayer graphene plasmonic
crystal. A 0.21THz nontrivial gap emerges from 14.29THz to 14.5THz.
(b) Projected band diagram of a finite bilayer graphene metasurface with a
0.21eV chemical potential. The topological interface and trivial edge modes
are represented by red and blue curves, respectively. The nontrivial frequency
bandgap marked by a blue strip is shifted upwards compared with Fig. 4.5(a).
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surface, especially frequency dispersion curves of topological modes, trivial edge
modes, and projected bulk modes. It only shifts up the whole band diagram consis-
tently, which can be easily explained by the increasing Fermi energy of the bilayer
graphene metasurface.

The width of the frequency bandgap is only 0.21 THz while the frequency shift
of the nontrivial bandgap can be as large as 0.3 THz with only a 0.01eV increase of
the chemical potential. This advantage makes a great contribution on the sensitivity
of the designed molecular gas sensor. Consequently, the variation of the chemical
potential in the region II, in turn, leads to a variation of the graphene permittivity,
and consequently to a shift of the frequency of the topological bandgap associated
to region II. This means that, if the frequency of the input light in region I is fixed
at 14.16 THz inside the bandgap of this region (see Fig. 4.7), the corresponding
topological interfacial mode from the region I can be switched to a leaky bulk mode
in the region II, based on the fact that the optical beam at the frequency of 14.16 THz
is a bulk mode outside the bandgap in the region II due to the frequency shift of the
bandgap. Then, the leaky bulk mode in region II can be recoupled into a topological
interfacial mode in region III with u.3 = 0.2eV, which is convenient to detect and
collect the output power around the center of the region III. Since the leaky bulk
modes are particularly lossy and scattered, the output power P,,; collected in the

region III will sharply decrease.

4.3.4 Transmission and Sensitivity Calculation

In order to validate these ideas, we have studied the light transmission in the pro-
posed graphene-based molecular sensor. To this end, a LCP monochromatic light
source with frequency of 14.16 THz is placed in the center of the region 1. The
lengths of the region I (/1) and region III (/3) are 18a and 12a, respectively.
Moreover, we computed the transmission 1 of the optical power under various
NO, concentrations in region II, defined as the ratio between the output power,
Py, collected in the region III and the input power P, in the region I, namely
N = Pout/Pyn. These calculations were performed for two different values of the

length of region II, namely for [, = 8a and [, = 14a, and the results are summarized
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Figure 4.12: Functionality and sensitivity of the graphene-based molecular gas sensor. (a)
Light transmission, defined as the ratio between the output and input power,
versus the concentration Cno, of NO, gas, determined for I, = 8a and [, =
14a. (b) Dependence of the sensitivity of the molecular sensor on the gas
concentration Cno, of NO;.

in Fig. 4.12.

It can be seen in Fig. 4.12(a), where we plot the dependence of the transmis-
sion on the concentration of molecules adsorbed in region II, that the transmission
7N decreases steeply when the concentration Cno, of the NO, gas adsorbed in this
region increases. In Fig. 4.12(a), the dots represent the numerically computed data,
whereas the solid lines indicate the fitting of the results via a third-order polynomial.
These results prove that, as expected, the longer the length of the region II is, the
larger the slope of the transmission curve is, which means that the radiation loss of
the input power in the region Il is larger. Note also that when C > 5 p.p.m, the trans-
mission in the case when [, = 14a is larger than when [, = 8a, which is attributable
to the constructive interference of the mode propagating in region II, and which un-
dergoes multiple reflections at the interfaces between this region and regions I and
III. When the concentration Cno, is larger than about 9 p.p.m, most of the input
power is scattered out into radiation modes, so that the transmitted power is almost
zero in this case. Moreover, we have also studied the sensitivity of the metasurface
sensor, o, which is defined as the absolute value of the first-order derivative of the

transmission with respect to the concentration of NO, molecules adsorbed in region
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II, that is, o = |dn/dCyo,|. As shown in Fig. 4.12(b), our computational results
show that the average sensitivity of this graphene-based molecular sensor can be as
large as 0.2. The proposed molecular sensor can be used to detect the gas variations
in a broad range of molecular concentrations, its sensitivity is particularly large for

small concentrations of adsorbed molecules.

4.4 Conclusion

In conclusion, we have proposed a novel mechanism to realize valley-Hall topo-
logical plasmon transport in a bilayer graphene metasurface. Starting from the
band analysis of a monolayer graphene nanohole metasurface, the enhanced in-
terlayer coupling between two graphene metasurfaces is further considered, and the
Dgp,-symmetry-protected Dirac cones make it possible to achieve a novel mirror-
symmetry breaking between the two graphene layers. By horizontally shifting the
two halves of the hole lattice of the top layer by a certain distance s with respect
to the bottom graphene metasurface, the mirror-symmetry of the bilayer graphene
plasmonic crystal is broken, and the band structure over the FBZ exhibits a nontriv-
ial gap which is opened at the frequency of the Dirac point. Moreover, to produce
a valley-Hall topological plasmon mode within the nontrivial bandgap, a domain-
wall interface is constructed by placing together two bilayer graphene metasurfaces
in a way in which the composite metasurface is mirror-symmetric with respect to
the domain-wall interface. The results of our numerical computations show that
the topologically protected valley mode is highly confined and propagates along
the domain-wall interface. Importantly, the proposed waveguide with a mirror-
symmetric domain-wall interface supports topological modes that exhibit unidirec-

tional propagation features under a circular-polarized source.

Moreover, we gain further insight into the proposed bilayer graphene metasur-
face, which is applied as a molecular gas sensor. Based on the fact that the chemical
potential of graphene can be sensitively tuned via the gas molecular absorption as
a well-known type of chemical doping, we summarized the linear relation between

chemical potential and gas concentration in the environment extracted from the ex-
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periments. Therefore, a variation of chemical potential (Fermi level) of graphene
leads to a frequency shift of the corresponding nontrivial bandgap, which can switch
a topological interfacial guided mode into a leaky bulk mode with the power loss.
As a result, the transmission of the topological interfacial mode can precisely in-
dicate the chemical potential of graphene, namely the concentration of NO, gas
molecules in the environment. Our computational results prove that, a tiny varia-
tion of chemical potential can significantly change the transmission of a topological
interfacial mode and generate high power loss, which improves the sensitivity of
the proposed graphene-based molecular sensor. This work could have an important
impact on the development of integrated plasmonic devices and key applications
pertaining to molecular sensing.

Taking advantage of the new layer degree of freedom in a multilayer system
possessing various symmetries (spatial-inversion, mirror), layer pseudospins in dis-
tinct valley-Hall phases are attracting increasing attention, due to the discovery of
new layer-polarized valley-Hall states. Thus, we will present in the next chapter lay-
ered graphene nanohole metasurfaces (monolayer, bilayer, and three-layer), whose
mirror-symmetry and inversion symmetry can be broken via the rotation of triangu-

lar holes in each layer.
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Chapter 5

Interlayer topological supermode
transport in layered graphene

metasurfaces

5.1 Introduction

Recently, topological valley phases in bilayer structures have been attracting in-
creasing attention due to their flexible interlayer coupling and unusual physical
properties [1, 2, 3, 4, 5]. In a photonic system with an additional layer, the new
inversion symmetry, like mirror-symmetry between different layers, can be intro-
duced to achieve topological modes with layer-polarized features. Remarkably,
layer pseudospins in acoustic and optical valley-Hall phases can generate topologi-
cal modes with not only valley-chirality-locked but also layer-polarized properties,
and they become a new layer degree of freedom [1, 6]. The topological modes con-
fined at the top or bottom layers of bilayer system can be labelled with pseudospin
up or pseudospin down, respectively [1, 2, 3, 4, 5]. This topology is described by
a quantized topological invariant, layer Chern number, which is defined by the dif-
ference between valley Chern numbers of layer pseudospins [1, 3, 4]. Moreover,
taking advantage of layer-polarized properties in bilayer systems, various potential
applications, such as layer-polarization converters [1] and layer-selected delay lines

[4], have been successfully demonstrated. However, layer pseudospins have been
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studied less in layered topological photonic systems.

In this chapter, we study the topological layer-polarized and valley-chirality-
locked modes of layered graphene metasurfaces. With additional layer degree of
freedom, unit cells of different graphene layers are rotated with respect to the
lattice in order to break the inversion symmetry and mirror symmetry in the lay-
ered graphene metasurfaces. Specifically, the symmetry-protected Dirac cones are
gapped out in the proposed bilayer and three-layer graphene metasurfaces, and two
kinds of topological valley modes are distinguished inside the nontrivial bandgap
with layer-polarized and chirality-momentum-locked characteristics. It is further
quantitatively proved and distinguished by two quantized topological invariants,

layer Chern number and valley Chern number.

This chapter is organized as follows. In Sec. 5.2, we present the band diagram
and effective Hamiltonian of the monolayer graphene metasurface with an inver-
sion symmetry perturbed by rotating the triangular hole with respect to the lattice.
This is followed in Sec. 5.3 by the band structure analysis of the bilayer graphene
triangular nanohole crystal, which is described well by an effective Hamiltonian
of the bilayer graphene system with interlayer coupling. In particular, we present
the layer-polarized topological valley modes located at the domain-wall interface
with nonzero layer Chern number difference, and the domain-wall interface with
nonzero valley Chern number difference supports topological valley modes with
chirality-momentum-locked features. Then, in Sec. 5.4, the band diagram of three-
layer graphene triangular nanohole system is computational studied, which shows a
good agreement with the effective Hamiltonian derived under the assumption of
the nonzero interlayer coupling between any two layers. Importantly, by prop-
erly choosing a layer operator, the layer Chern number and valley Chern number
are defined and calculated based on a set of redefined eigenstates. We prove that
the number of layer-polarized topological modes and chirality-momentum-locked
topological valley modes matches the layer Chern number and valley Chern num-
ber, respectively. Finally, in Sec. 5.5, we summarize the main conclusions of this

chapter.
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5.2 Monolayer Graphene Triangular Nanohole Meta-

surface

In this section, I will study the monolayer graphene crystal with triangular
nanoholes, which exhibits a nontrivial bandgap due to the fact that the inversion

symmetry can be reduced by simply rotating the triangular holes.

5.2.1 Band Analysis with Additional Rotation Degree of Free-
dom

The graphene-based topological waveguide investigated in this chapter is imple-
mented by introducing additional rotation degree of freedom with respect to the
hexagonal lattice. Our previous chapters show that the graphene plasmonic waveg-

uide composed of a hexagonal array of circular nanoholes exhibits a symmetry-
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Figure 5.1: (a) Schematic of primitive unit cell of the infinite graphene crystal with a lattice
constant, a, containing a triangular nanohole with a sidelength, s. The primi-
tive vectors of hexagonal lattice are a; and a,, and the rotation angle 6 shows
the orientation of triangular nanohole with respect to the lattice vector a;. (b)
First Brillouin zone (FBZ) of the graphene metasurface composed of a hexag-
onal lattice. (c) Band diagram of the graphene triangular nanohole metasurface
along k vector from I to K and then M, determined for different rotation angles
6 with respect to the hexagonal lattice.
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protected Dirac cone at K point, while the triangular nanohole in a hexagonal lattice
can only support C3,-symmetry protected Dirac cone with a specific orientation. To
this end, the band diagram of a monolayer graphene plasmonic crystal is investi-
gated, which consists of a hexagonal array of regular triangular holes with specific
orientations with respect to the lattice vector, as schematically illustrated in Fig.
5.1(a). The original orientation of triangular nanohole is along the direction of lat-
tice vector ay, and a perturbation is introduced by rotating the triangular hole by an
angle 0 with respect to a;. Specifically, positive and negative values of 6 indicate
anticlockwise and clockwise rotations. In our analysis, we considered that the lat-
tice constant was a = 500nm and the sidelength of the regular triangular hole was

s = 200nm.

In order to properly identify the frequency bandgap of the monolayer graphene
triangular nanohole crystal, the band diagram of this graphene metasurface deter-
mined for different orientations of triangular hole has been evaluated along the
high-symmetric points of the FBZ (see Fig. 5.1(b)), and the results are given in
Fig. 5.1(c). The infinite graphene metasurface is investigated by adding the peri-
odic boundary conditions along the edges of unit cell in COMSOL Multiphysics,
and the results of photonic band diagrams in the cases with 8 = 0°, 10°, and 30° are
plotted in black, red and blue curves, respectively. For orientation of triangular hole
along ay, the graphene metasurface has C3, point group symmetry, and the first and
second frequency dispersion curves linearly cross around 11.4 THz at the K-point,
leading to a Cs,-symmetry-protected Dirac cone. To open up the Dirac cone, the
orientation of the triangular hole is rotated (6 # 0) with respect to the hexagonal
lattice. Even though the inversion symmetry of the whole system is still C3,, it
could reduce the inversion symmetry at the K point, which means that the K point
cannot be converted into its equivalent corner by a mirror-symmetry operation on
the graphene metasurface. One consequence of this reduced inversion symmetry at
K point is that a nontrivial bandgap opens at the frequency of the Dirac point (see
Fig. 5.1(c)). To be more specific, the maximum of the first band and the minimum

of the second band increases and decreases, respectively. The width of frequency
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bandgap increases with the increment of rotation angle 8. When 6 = 30°, the fre-
quency bandgap achieves its maximum value of 3.4THz. Note that all the results
will remain qualitatively the same for different values of the sidelength s of the
regular triangular hole, but the frequency bandgap would be narrower (wider) for a
smaller (larger) s.

(a)
14}

(b)6 = +30°
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Figure 5.2: (a) First two bands of graphene triangular nanohole crystal, calculated for op-
posite rotation angles of triangular hole, 6 = +30°. The minimum and maxi-
mum of two valley bands at K point are marked by K and K5, respectively. (b)
Field distribution of the first two bands at K; and K, with opposite Poynting
vector distributions, with the rotation angle 8 = 4-30°. The red and blue ar-
rows represent left circular-polarized (LCP) and right circular-polarized (RCP)
energy flows, respectively. (c) Similar to (b), but for rotation angle 6 = —30°.

To gain a deeper insight into the topological properties of the bandgap at K
point, the chirality properties of the electric field of the bulk valley mode around two
nonequivalent valleys K and K’ are investigated. For two cases of triangular hole
orientations 6 with opposite signs, one could obtain two graphene metasurfaces in
a mirror-symmetric manner, so that the change of sign of 6 could represent the
mirror-symmetry operation of the metasurface and convert K valleys to nonequiva-
lent K’ valleys. Hence, we present the band diagram and corresponding electric field
of bulk valley modes determined for 8 = +30°, and the results are shown in Fig.
5.2. As expected, these two cases exhibit the same band diagram with a relatively
large bandgap marked by a yellow strip in Fig. 5.2(a). To study the valley-chirality-

locking property of bulk valley modes at K and K’ points, the electric field and its
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polarization of the first band maximum (K;) and the second band minimum (K3)
are given in Figs. 5.2(b) and 5.2(c). The distribution of the Poynting vector indi-
cates the flow of the energy of the electromagnetic field in clockwise (LCP) and
anticlockwise (RCP) directions marked by red and blue arrows, respectively. For
each orientation of the triangular hole, the electric field is tightly localized at the
triangular hole, and the vorticities at lower band (K;) and higher band (K>) have
opposite chiralities. By comparing the chirality between 6 = £30°, one can find
chiralities of all bands with 8 = 30° are opposite to their chiralities with 6 = —30°
at K point. In other words, for any orientation of triangular hole in a hexagonal
lattice exhibiting a bandgap, chiralities of bands are opposite between the K and
K’ valleys. The chirality-locking of bulk valley modes is a significant property to
distinguish the sign of valley-dependent topological index, and it can also be used
in practical applications to excite topological valley modes by choosing the source

with the same chirality [7, 8].

5.2.2 Effective Hamiltonian of Monolayer Graphene Nanohole
Crystal

For a single graphene layer composed of triangular holes, due to the C3, symmetry
protection, which supports the degeneracy of Dirac cone at K point as shown in Fig.
5.1(c), the 2-fold degeneracy is generated by the existence of a pair of 1D represen-
tations. Due to the inversion symmetry reduction occurring when the rotation angle
0 # 0, the double degeneracy generates a Dirac mass term in the Hamiltonian of a
monolayer graphene triangular nanohole crystal. In this way, the perturbed effec-
tive 2 X 2 Hamiltonian spanning two nondegenerate states y,- and v+ based on

the k - p perturbation method can be written as [8, 9]:
OH; = 260DV05kx6x+2a)DvD8kyGy—|—2a)Dmv%GZ 5.1

where Oy, . are the Pauli matrices, (0ky,0ky) is the wavevector around the K
point, and wp and vp are the frequency and the slope of frequency dispersion

of Dirac cone at K point when the Hamiltonian is unperturbed (6 = 0), respec-
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tively. The first two terms are generated based on the C3, symmetry protection in
the unperturbed system [9]. The inversion symmetry reduction via rotating trian-
gular holes leads to the third Dirac mass term, which is given by the frequency
of two nondegenerated valley states @,- and @,+ at (Oky, 6ky) around K point,

2 2
., — 0p 0

260Dmv%)6Z = . In this way, the perturbed Hamiltonian

0 0. — op

can be rewritten as,

a)f)_ — 03 20pvp(Sky — i5ky)

0H, = (5.2)

20pvp(Sky +i6ky) a)3+ — 0}

Due to the rotation angle 6 dependence of the frequency of two nondegenerated

) ) ) 2% wpo 0
valley states, the Dirac mass term can be simplified to ,

0 -2 (DDG
where the relation coefficient ¥ between the rotation angle and frequency of two

valley states can be extracted from the numerical simulations in COMSOL.
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Figure 5.3: Berry curvature Q distribution of the first two bands over the K valley computed
by the effective Hamiltonian, determined for the rotation angle of triangular
nanohole (a) 8 = 30° and (b) 6 = —30°.
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Based on the derived effective perturbed Hamiltonian of monolayer graphene
triangular nanohole metasurface, the eigenstates ¢ and eigenvalues (frequency dis-
persion relation 6 @) can be found by solving the eigenvalue problem 0 Hy¢ = o W@,
which provides an alternative way to evaluate a 2 x 1 eigenstate matrix. This method
to calculate valley Chern number could bring a faster simulation time than its in
COMSOL (see section 3.2.2 with millions of eigenfield points). In this way, the
valley Chern numbers (Cy) of the first two non-degenerate bands can be calculated
by the integral of Berry curvature over the K valley. The Wilson-loop method pro-
vides a numerical way to calculate the Berry curvature distribution based on the
eigenstates in the discretized Brillouin zone, which was explained in Chapter 2 [see

Eqgs. (2.43) and (2.45)].

Following the same procedure of valley Chern number calculation that is pre-
sented in section 3.2.2, the hexagonal domain in the momentum space around the
K valley is reshaped into a thombic domain centered at the K point for the conve-
nience of Brillouin zone discretization, as indicated in Fig. 3.4(a). Based on the
Wilson-loop approach in Eq. (2.43), the chosen domain is discretized into 18 x 18
plaquettes over the K valley, and the discretized Berry curvature  in each plaque-
tte is calculated by using the eigenstates ¢ at four k points of the corners of each
plaquette, which is obtained from the effective Hamiltonian. Then, the sum of all
discretized Berry curvatures over the K valley is the valley Chern number estimated

using the effective Hamiltonian.

Since the band diagram of graphene triangular nanohole plasmonic crystal ex-
hibits a frequency bandgap between the first and second bands, the valley Chern
number of these two bands determined for graphene metasurfaces with rotation
angle of triangular hole 8 = £30° are calculated numerically by effective Hamil-
tonian, and the corresponding Berry curvature distributions over the 18 x 18 dis-
cretized K valley are shown in Figs. 5.3(a) and 5.3(b). The discretized rhombic
Brillouin zone in the momentum space is centered at K point, and the maximum
distance 8k of discretized k point with respect to the K point is 0.57/a and 7 /a

along the k, and k, directions, respectively. The 2 x 2 Hamiltonian has two eigen-



5.2. Monolayer Graphene Triangular Nanohole Metasurtace 182

values o @(k), which correspond to the frequency dispersion of the first and second
bands. For each eigenvalue, there is a 2 x 1 eigenstate matrix at each k point of the
discretized Brillouin zone, which is utilized to calculate the Berry curvature in each

plaquette.

In Fig. 5.3(a) with 6 = 30°, the Berry curvature distributions of the first (Kj)
and second (K3) bands over the K valley show positive and negative signs, respec-
tively, which is consistent with the chirality property of these two bands. Specif-
ically, the positive sign of Berry curvature corresponds to the LCP energy flow of
bulk valley mode while the negative sign indicates the RCP energy flow, as shown in
Fig. 5.2(b). In contrast, since the chirality-locking properties of the first two bands
when 6 = —30° are opposite with respect to the case 8 = 30°, the sign of Berry
curvature distribution of the first band when 6 = —30° is negative while the sign of
Q of the second band when 6 = —30° is positive (see Fig. 5.3(b)). The nontrivial
Berry curvature distribution shows a peak at the K point, and the valley Chern num-
ber is obtained by the integral of Berry curvature over the K valley. In Fig. 5.3(a)
with 6 = 30°, the valley Chern numbers computed by the Wilson-loop method of
the first and second bands are 0.28, —0.28 while the valley Chern numbers of the
first and second bands when 6 = —30° in Fig. 5.3(b) are —0.28,0.28. Note that
when the frequency bandgap is relatively large, the distribution of Berry curvature
over the corners (K and K’ points) of the hexagonal Brillouin zone spreads signifi-
cantly and overlaps with other Berry curvature at two adjacent corner points. This
makes it more difficult to properly define the valley Chern number, as its calcula-
tion cannot be extended to the entire FBZ. Therefore, the theoretical valley Chern
number C, = £0.5 can only be obtained close to Dirac point with an infinitesimally
small perturbation, as reported before [10, 11, 12, 13, 14]. To solve this unavoidable
problem, only the sign of computed valley Chern number is preserved and the value
of valley Chern number is regarded as 0.5 in our later discussion. Although the to-
tal value of Chern number over the FBZ is zero, the inversion symmetry reduction
leads to nonzero valley Chern numbers with opposite signs over K and K’ valleys.

These features have important implications on the topological nature of the valley



5.3. Bilayer Graphene Triangular Nanohole Metasurfaces with Symmetry Breaking183

modes along the domain-wall interface with &1 valley Chern number difference,

which is constructed by connecting K and K’ points under a 7-rotation.

5.3 Bilayer Graphene Triangular Nanohole Metasur-

faces with Symmetry Breaking

In this section a graphene bilayer metasurface structure is illustrated to possess two
types of topological valley modes in a nontrivial bandgap, i.e., chirality-momentum-
locked and layer-polarized topological modes. The method used to create these
modes is to reduce the inversion symmetry and break the mirror symmetry of the

graphene structure by rotating the triangular nanoholes with specific orientations.

5.3.1 Band Diagram of Bilayer Graphene Crystals

Since the topological features of bandgap with reduced inversion symmetry have
been demonstrated in monolayer graphene triangular nanohole crystal by introduc-
ing an additional rotation degree of freedom, we investigate bilayer graphene crys-
tals composed of two free-standing, optically coupled graphene triangular nanohole
crystals with additional mirror symmetry breaking between the two layers [see
Fig. 5.4(a)]. It should be noted that graphene metasurfaces with such geometrical
parameters can be readily fabricated using widely available fabrication techniques,
such as e-beam lithography. Besides, the topological conclusions of this study re-
main qualitatively valid if one assumes that the graphene layers are separated by a
certain dielectric material (glass with refractive index ~ 1.52) instead of air, and the

calculated band diagram will be slightly compressed along the frequency axis.

By adjoining together two halves of semi-infinite bilayer graphene triangular
hole metasurfaces in a mirror-symmetric manner, a domain-wall interface is gener-
ated along the x-axis. The top and bird’s eye views of the schematic of the proposed
bilayer graphene triangular nanohole metasurfaces are shown in Figs. 5.4(b) and
5.4(c), respectively. The two freestanding graphene crystals consist of identical reg-
ular triangular nanohole with sidelength s, which are separated along the z-axis by a

separation distance 4. Same to the monolayer graphene metasurface, we fix the lat-
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Figure 5.4: (a) Schematic of the bilayer graphene plasmonic waveguide with a mirror-
symmetric domain-wall interface oriented along the x-axis. (b) Top view of
primitive unit cell of the bilayer graphene metasurface with lattice constant a,
of which each layer is composed by triangular nanohole with the same side-
length s. The rotation angle of triangular holes in two layers with respect to the
hexagonal lattice is determined by external degree of freedom 3 and internal
degree of freedom ¢, with rotation angle of triangular holes of the top and bot-
tom layers being 6; = B + a and 6, = 8 — a, respectively. (c) Bird’s eye view
of the unit cell with a separation distance, &, between the two layers. (d) Band
diagram of an infinite bilayer graphene triangular nanohole crystal without per-
turbation (¢, ) = (0°,0°), which exhibits two Dirac cones at the K-point. The
first four bands are marked by red, blue, green, and yellow curves, respectively.
The Dirac frequencies of two Dirac cones are split depending on the separation
distance & due to the interlayer coupling.
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tice constant a = 500 nm, the sidelength of regular triangular holes s = 200nm, and
the distance between the top and bottom graphene layers 4 = 200nm to ensure an
effective interlayer optical coupling. Note that by decreasing the separation distance
h between the two layers, the interlayer optical coupling between two graphene lay-
ers increases, so that the corresponding Dirac frequencies of the two Dirac cones are
shifted oppositely. Hence, the separation distance ( # = 200nm) between two lay-
ers ensures not only the effective interlayer coupling, but also the appropriate Dirac
frequency difference between two Dirac cones. Moreover, the triangular holes in
top and bottom layers are rotated with respect to the hexagonal lattice via rotation
angles 6, and 6,, respectively. To clarify the relative rotation relationship between
the two layers, the external degree of freedom B and internal degree of freedom
« are introduced to replace the rotation angle of top (0;) and bottom layers (6,)
in Fig. 5.4(b), which are defined as § = (6; + 6,)/2 and oe = (6; — 6,)/2, namely
01 = B+ a and 6, = B — a. In other words, the external degree of freedom f3 repre-
sents the common rotation angle of both layers while the internal degree of freedom

a represents the relative rotation angle between two graphene layers.

We show in Fig. 5.4(d) the first four bands of the unperturbed graphene bi-
layer crystal with orientations of triangular holes in both layers along the direction
of lattice vector, namely (@, 8) = (0°,0°). Due to the existence of interlayer cou-
pling between the two layers, the bilayer graphene triangular nanohole crystal pos-
sesses Dsj-symmetry-protected double Dirac cones at K points, which are shifted
along the frequency axis in opposite directions with respect to the Dirac frequency
(11.4THz) of monolayer graphene crystal. Specifically, one of the Dirac cones
emerges between the first (red) and second (blue) bands while another Dirac cone

is formed by the linear cross between the third (green) and fourth (yellow) bands.

In order to gap out the D3,-symmetry-protected double Dirac cones, external
and internal degrees of freedom are utilized by rotating triangular holes in both lay-
ers to reduce the inversion-symmetry of the system. The first four bands calculated
for different orientations of triangular holes are shown in Fig. 5.5(a). Starting from

the well-understood cases with & = 0°, in which the triangular holes in both layers
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Figure 5.5: (a) First four bulk bands of bilayer graphene triangular nanohole crystals, cal-
culated for various internal degrees of freedom and external degree of free-
dom (a,f3). The nontrivial frequency bandgap can emerge between the second
and third bands. (b) Chirality properties of bulk valley modes of the bilayer
graphene triangular nanohole crystal with rotation angles (@, ) = (0°,20°).
From the left to right panel, electric field and Poynting vector distribution of
the first two non-degenerate bands at K point correspond to points A; and A; in
(a). (c) Layer-polarized properties of bulk valley modes of the bilayer graphene
triangular nanohole crystal with rotation angles (¢, ) = (30°,0°). From the
left to right panel, electric field and Poynting vector distribution of the first two
degenerate bands at K point correspond to points A} and A% in (a). The red and
blue arrows represent LCP and RCP energy flows, respectively.

are mirror-symmetric and are rotated by the same angle 3, we show in the top row
of Fig. 5.5(a) the band diagrams with increasing common rotation angle 3. Due
to the rotation of triangular holes in both layers with respect to the hexagonal lat-
tice, the inversion-symmetry of the bilayer graphene crystal at K point is reduced.

As a result, each symmetry-protected Dirac cone is gapped out, and two frequency
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bandgaps emerge between the first and second bands in the case of one of the Dirac
cones and between the third and fourth bands in the case of the other one. With
the increase of the common rotation angle f, two frequency bandgaps increase and
generate a common nontrivial bandgap of the bilayer graphene metasurface between
the second and third bands. Specifically, the nontrivial frequency bandgap cannot
emerge until 8 approaches 10°, and it will reach its maximum value from 10.7 THz

to 12.2 THz for B = 30°.

Unlike the case of inversion-symmetry reduction by simultaneously rotating
two triangular nanoholes in both layers with a common rotation angle 8 (& = 0°),
the mirror symmetry between the top and bottom layers can be broken by introduc-
ing a relative angle o # 0°, which can result in a nontrivial bandgap as well. We
show in the bottom row of Fig. 5.5(a) the band diagrams with the increasing relative
rotation angle . When the mirror-symmetry breaking is introduced in any of the
cases with o # 0°, the D3j,-symmetry-protected double Dirac cones are gapped out,
and a nontrivial frequency bandgap emerges between the second and third bands.
Interestingly, the first two bands linearly cross at K point, which happens to the third
and fourth bands as well. In contrast to the cases with 8 # 0°, there is no thresh-
old rotation angle of o to open a bandgap, based on the fact that mirror-symmetry
breaking of the bilayer graphene system can be achieved via a nonzero relative ro-
tation angle (a # 0°). To be more specific, the size of nontrivial bandgap becomes
wider and up to 3.4THz from 10 THz to 13.4 THz when the angle ¢ increases to
30°.

To gain further insights into the difference between the inversion-symmetry re-
duction and mirror-symmetry breaking, the polarization of the electric field of two
typical cases has been investigated. We first consider the inversion symmetry reduc-
tion with only external degree of freedom (o, ) = (0°,20°), and the electric field
and Poynting vector distribution of the first two bands at K point are shown in Fig.
5.5(b). For the two bands below the bandgap, the electric field is highly confined
and localized around the edges of the triangular nanoholes of both layers, show-

ing a LCP energy flow. Since the valley-chirality-locking property of this bilayer
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system is similar to that of monolayer graphene metasurfaces with same rotation
angle, we call this bilayer graphene metasurfaces with normal chirality property as
topological valley insulator. In this configuration, it shows the opposite chirality
characteristics at K and K’ points, which can be used to construct a domain-wall

interface by two graphene metasurfaces with opposite signs of 3.

We now consider the bilayer graphene triangular hole crystals with (a,f) =
(30°,0°) characterized by mirror-symmetry breaking between the two layers, and
energy flows of the corresponding first two degenerate bands at K point are pre-
sented in Fig. 5.5(c). Differently but interestingly, the electric field of two degen-
erate bands is only confined at the triangular hole of one layer. Specifically, the
electric field of the first band A}, is localized at the top layer with a LCP energy flow
while the electric field of the second band A% is localized at the bottom layer with
a RCP energy flow. Since two degenerate bands at K point exhibit opposite polar-
ization and are localized at different layers, their confinement at different layers can
be viewed as being characterized by a pseudospin-up and pseudospin-down, and
we denote this bilayer graphene metasurfaces with layer pseudospins as layered-

polarized topological insulator.

5.3.2 Effective Hamiltonian of Bilayer Graphene Crystals

Following the introduction of the perturbed Hamiltonian of the single graphene
layer with triangular holes, the effective Hamiltonian §H” of a bilayer graphene
metasurface is derived by adding a new interlayer coupling term between the two
graphene layers. First, the case without interlayer coupling is considered. The
bilayer graphene metasurface possesses two Dirac cones at K point with four de-
generate states {WPI’ Yyt Vo wq;}. When the first and second graphene layer is

rotated by 6; and 6,, respectively, the Hamiltonian of the bilayer system without
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considering interlayer coupling is the sum of the Hamiltonian of two layers,

20wp0;  2wpvp(Sk, —idky) 0 0
5Hb = 20pvp 8k, +i6k,)  —20wpb; 0 0
0 0 2% 0p6, 2wpvp(Oky — idky)
0 0 20pvp(Sky+idk,)  —200p6

5.3)
Then a perturbed Hamiltonian with interlayer coupling is introduced as a diagonal
matrix in a new basis [15]. This new basis is defined as a combination of the original

four eigenstates,

(5.4)

where subscripts S and A indicate symmetric and antisymmetric eigenstates, re-
spectively. By introducing the new basis, the Hamiltonian with interlayer coupling
expressed in the new basis can be written as 6Hy, , = diag(03, 03,03, ®3). As a

result, the Hamiltonian with interlayer coupling is rewritten in the original basis as,

0 0 20)D(DSA 0
0 0 0 20pm
SHY = DT (5.5)
2waSA 0 0 0
0 2(1)1)(05,4 0 0

where the variable wgy = %wg(wg

— wj), and the interlayer coupling term 2p s
occupies the off-diagonal positions. Therefore, the effective Hamiltonian of the
bilayer graphene metasurface can be obtained by combining the Hamiltonian of
individual layer and interlayer coupling terms (§H? = (§H? + §H?) /2wp) in the

basis of {l//pl—, Vo> ¥y ‘l/q;} )

SHY = vpso & (OkyOy + 6ky6y) + O (as; + Bso) @ 0, + Osas; ® O (5.6)
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where s; and o; (i = 0,x,y,z) are Pauli matrices indicating the layered pseudospin
and orbital degree of freedoms, respectively. The relative and common angles be-
tween triangular holes of two layers are defined from the rotation angle of each
layer, which are o0 = @ and § = @, respectively. The first term indicates the
unperturbed symmetry-protected system with four-fold degeneracy, and the opened
nontrivial bandgap via the rotation of each layer is described by the second term,
and then the third term shows the interlayer coupling between the two layers. Note
that, parameters like slope vp of the frequency dispersion around Dirac frequency,
angular coefficient 1, and interlayer coupling strength wgs can be numerically ex-

tracted from the finite element method (FEM) simulation in COMSOL.

Since the frequency dispersion relation of each valley state can be determined
by solving the eigenvalue problem §H?¢; = S w;¢;, the effective 4 x 4 Hamiltonian
of the bilayer graphene metasurface is used to calculate the first four eigenvalues
(frequencies of the first four bands) with four 4 x 1 eigenstates around the Dirac
frequency at K point. To properly obtain the slope vp, angular coefficient ¥, and
interlayer coupling strength msq4, the eigenvalues S (k) calculated from the effec-
tive Hamiltonian are fitted to the computed band diagram from COMSOL around
K point, and the results determined for different orientations of triangular holes in

the bilayer graphene metasurface are shown in Fig. 5.6.

Upon following this fitting procedure, the extracted values of the parameters
were vp = 4.34, ® = 4.3deg™!, and wgy = —0.8533. By substituting these values
into the effective Hamiltonian Eq. (5.6), one can obtain the frequency dispersion of
bands around the K point. In each figure of Fig. 5.6, solid blue curves represent the
eigenfrequencies calculated from the effective Hamiltonian while the rigorous re-
sults obtained using COMSOL are marked by red dotted curves. For both cases with
valley-chirality-locking (¢ = 0°) and layered-polarized (o % 0°) features, the fre-
quency dispersion relation calculated from the effective Hamiltonian shows a good
agreement with COMSOL simulations. It should be noted that some mismatches
are observed for the fourth bands at high frequency, because the perturbation brings

larger calculation error for higher frequency with shorter wavelength. In addition,
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Figure 5.6: Detailed band structure along the k vector difference 8k with respect to the K-
point, determined for specific rotation angles (a,f3) of two triangular holes in
bilayer graphene plasmonic crystals. d @ corresponds to the frequency change
with respect to the mean value of two Dirac frequencies. The blue solid and red
dotted curves indicate band structure calculated by the effective Hamiltonian
and COMSOL simulations, respectively.

it is also clearly shown that the lower two bands are degenerate at K point when the
mirror symmetry breaking (@ # 0°) is introduced while the bilayer graphene system

with inversion symmetry reduction (¢« = 0°) exhibits four non-degenerate bands.

Using the calculated nth eigenfrequency (w,) and the corresponding 4 x 1
eigenstate (|u,)) from the effective perturbed Hamiltonian, one can compute the
Berry curvature distribution and valley Chern number of the first four bands
based on the Wilson-loop approach. The chosen rhombic domain centered

at K point is discretized into 18 x 18 small plaquettes, and the link variable,
<un,k1 ‘ul‘lk2> <un,k2 ‘un,k3 > <un.k3 ‘unk4> <un‘k4 ‘un,kl >

[ty [y 1t i M 1 g D1y 10 )]
the nth band in every small plaquette with four corner points (ky,k;,k3,k4).

, expresses the Berry curvature of

We first show in Fig. 5.7(a) the Berry curvature distribution of the first two
bands in a topological valley bilayer graphene system. As expected, the distribution
of Berry curvature shows a sharp peak at the K point, and the sign of the Berry cur-

vature is consistent with the valley-chirality-locking property for each band in Fig.
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Figure 5.7: (a) Berry curvature Q distribution of the first two bands (A; and A, in Fig.
5.5(a)) over the K valley computed by the effective Hamiltonian, determined
for rotation angles (o, ) = (0°,20°) with two non-degenerate bands with chi-
rality properties below the bandgap. (b) Similar to (a), but for bilayer graphene
crystals with rotation angles (¢, ) = (30°,0°) showing two degenerate bands
(A% and A} in Fig. 5.5(a)) at K point.

5.5(b). Specifically, the positive Berry curvature corresponds to clockwise rotation
(LCP) of the energy flux and the valley Chern numbers of these two non-degenerate
bands are (0.5,0.5). Moreover, the valley Chern number and Berry curvature distri-
bution of layered-polarized topological bilayer graphene system with mirror sym-
metry breaking ((¢, B) = (30°,0°)) between two layers have been computed, and
the results are given in Fig. 5.7(b). Since the lower two bands are degenerate at
K points, Berry curvatures of the two degenerate bands are opposite, whose sign
agrees with the circular-polarized energy flow in Fig. 5.5(c). In addition, the linear
crossing between the two degenerate bands generates an infinitesimally small per-
turbation, resulting in an extremely sharp peak of the Berry curvature around the K
point. As a consequence, the computed valley Chern numbers of two degenerate
bands approach 0.5 with (C},,C2) = (0.5,-0.5).

By comparing the lower two bands of topological valley graphene system and
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layered-polarized graphene system, the former case shows same valley Chern num-
ber (C‘l, = C‘z, = +0.5) for each non-degenerate band while the latter case has oppo-
site valley Chern number (C‘l, = —C‘2, = £0.5). As the total valley Chern number is
defined by the sum of valley Chern numbers of bands below the nontrivial bandgap
(Cy = C‘l, + C‘z,), the total valley Chern number is zero for layer-polarized bilayer
graphene metasurfaces. However, it indeed exhibits nontrivial frequency bandgap,
so that we can define a new layer Chern number which can indicate the number of

layer-polarized modes.

For the layer-polarized graphene system with mirror symmetry breaking, the
sign of valley Chern numbers calculated for two degenerate bands cannot properly
indicate the layer where the electric field is confined. However, the derived effective
Hamiltonian can be projected onto a layer pseudospin subspace with spin operator
(s; = diag{1,1,—1,—1}), so that eigenstates {¢;, ¢>} of the lower two bands can
be regrouped into two new eigenstates { Y., w_ }, which represent the field confine-
ment in different layers with eigenvalues of +1 for layer pseudospins [16, 17]. To
be more specific, by spanning s, with the basis of eigenstates of lower two bands

{91,092}, the 2 x 2 matrix representation of the spin operator becomes,

ooy — (@110 @il _ (m .
<¢2|Sz|¢1> <¢2|sz|¢2> t —m

where (¢1s:[@1) = —(92]s:|¢2) = m and (91]s:|¢2) = (¢2|s:|¢1) =1 are proved by
computational results. The eigenvalues of this matrix are =v/m? +¢2 with eigen-

states (VA )T ang (moVmAE T anq the difference between the two
eigenvalues indicates the bandgap for the layer-polarized bilayer graphene system.
By denoting the upper and lower layer-polarized eigenmodes as (1,0)7 and (0,1)7,

the regrouped eigenstates are obtained as,

Yy = VI, gy (5.8)
Yo = m—fmz—o—ﬂ(pl + 2, (5.9
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Figure 5.8: Layer-polarized Berry curvature Q distribution over the K valley computed by
the new regrouped eigenstate basis Y and y_. Notations + and — correspond
to eigenstates with layer pseudospins. (a) and (b) for (a,f) = (0°,20°). (c)
and (d) for (o, ) = (30°,0°).

Based on the new basis {y,y_}, the Berry curvature distribution Q1 and
layer-polarized valley Chern number C‘f have been computed over the K valley,
and the results determined for topological valley and layer-polarized systems are
shown in Fig. 5.8. For the topological valley bilayer graphene system with (0°,20°)
shown in Figs. 5.8(a) and 5.8(b), Berry curvatures present positive peaks at K
point, and the layer-polarized valley Chern numbers computed in the new basis
{wy,y_} are 0.19 and 0.25, respectively. Since the sign of layer-polarized valley
Chern number is same as valley Chern number of lower two bands in Fig. 5.7(a)
when (a,f) = (0°,20°), the valley Chern number for topological valley system
with non-degenerate bands cannot change when it is expressed in different bases
of eigenstates. Differently, for layer-polarized topological system with (30°,0°) in
Figs. 5.8(c) and 5.8(d), the Berry curvature distributions calculated using { v, y_}
around the K point show a peak, and the calculated layer-polarized valley Chern

numbers are C‘}L = —0.5 and ¢}, = 0.38. By comparing with valley Chern number
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Figure 5.9: (a)(b) Computed valley Chern number distribution of the first C‘l, and second
C‘Z, bands with respect to (&, ), respectively. The red and green domains rep-
resent the valley Chern number with positive and negative signs, respectively.
(c)(d) same as in (a)(b), but for computed two layer-polarized valley Chern
number distribution of layer-polarized eigenstates Y. and y_, respectively.

of lower two degenerate bands in Fig. 5.7(b), the absolute values of layer-polarized
valley Chern numbers are no longer the same in the new basis, and signs of the
two layer-polarized valley Chern numbers changes with respect to the valley Chern

numbers of lower two bands.

To properly identify the valley Chern number for the topological valley and
layer-polarized systems, the phase diagram of valley Chern number (C‘l, and C‘z,) of
the lower two bands and layer-polarized valley Chern number (C‘f) are calculated
for different values of rotation angles (a, ), and the computed results are summa-

rized in Fig. 5.9. The sign of computed valley Chern number is extracted at each
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(a,B) point from —30° to 30°, in which the red domain represents positive sign
of valley Chern number as 0.5 and green region indicates the valley Chern num-
ber equals to —0.5. Regarding the phase diagram of valley Chern number of lower
two bands in Figs. 5.9(a) and 5.9(b), there is a clear delimitation between the two
domains with opposite signs at B = 0, which explains why the energy flow of two
lower bands changes its chirality when the triangular nanoholes have opposite ori-
entations. In addition, there are two semicircular regions at the & axis with Cy = 0.5
of the top region and Cy = —0.5 of the bottom region. These two regions correspond
to the topological valley system with two non-degenerate bands, based on the fact
that the value of valley Chern number cannot change in these two regions when it is
calculated in different bases, as compared with Figs. 5.9(c) and 5.9(d). Differently,
the phase diagram of layer-polarized valley Chern numbers shows its difference in
the region other than top and bottom areas (see Figs. 5.9(c) and 5.9(d)). Specif-
ically, a vertical line at @ = O separates the left and right domains with opposite
signs. In the region except for top and bottom semicircular areas, the signs of C‘f

and Cy, are opposite.

(b)

(a)30
20} C;

10¢
,B of CL =1
-10¢}

2 C,=0

30 20 -10 O 10 20 30 -30 10 0 10 20 30
(04 C1C=0 a
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Figure 5.10: (a) Layer Chern number distribution of bilayer graphene crystals with respect
to (o, B), defined by the difference between two layer-polarized valley Chern
numbers, namely C;, = C;; —C;, . The regions with 0, 1 and —1 Chern number
are depicted in yellow, magenta, and blue, respectively. (b) Valley Chern num-
ber distribution of bilayer graphene crystals with respect to (a, 8), defined by
the sum of two layer-polarized valley Chern numbers (Cy = C; +C;,).
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Since the valley Chern number has opposite sign in the layer-polarized sys-
tem, the total layer Chern number in the layer-polarized system can be defined as
CL= C‘J,r — Cy,, whereas the total valley Chern number in the normal topological
valley system with chirality features is the sum of valley Chern number below the
bandgap, Cy = C‘l, + C‘z, = C{,L +Cy,. Using these definitions for the valley (CV)
and layer-polarized (CL) Chern numbers, the corresponding phase diagrams of the
bilayer graphene system with respect to (¢, 3) are determined and presented in
Figs. 5.10(a) and 5.10(b), respectively. The yellow, magenta, and blue regions cor-
respond to Chern numbers with a value of 0, 1, and —1, respectively. First, in the
top and bottom areas with layer-polarized valley Chern number (C‘}—L) of same sign,
the layer Chern number is zero while the valley Chern number is +1, leading to
a topological valley-chirality-locked system. Moreover, in the remaining region,
the total valley Chern number is zero, but two domains with opposite layer Chern
numbers (Cp = *1) are mirror-symmetric with respect to the vertical line at o = 0.
Note that for degenerate bands, the composite valley Chern number correspond-
ing to degenerate bands is usually introduced rather than the valley Chern number
for each band. However, the composite valley Chern number equals to the sum of
valley Chern number of each band in our simulations, so that not only the total val-
ley Chern number but also the layer Chern number can be defined using the linear

combination of valley Chern number of each band below the bandgap.

5.3.3 Layer-polarized and Chirality-momentum-locked Topo-

logical Interface Modes

From the phase diagram of layer and valley Chern numbers in Fig. 5.10, C;, and
Cy can change their signs with respect to orientations of triangular holes in bilayer
graphene metasurfaces. By combing bilayer graphene metasurfaces with opposite
Chern numbers in a mirror-symmetric manner, the nonzero difference of the Chern
number across the interface will lead to the formation of topologically-protected
valley modes. To this end, two configurations with nonzero layer Chern number
and valley Chern number across the domain-wall interface have been computation-

ally investigated after properly designing a mirror-symmetric domain-wall inter-
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Figure 5.11: (a) Projected band (light orange) structure of the finite supercell by combin-
ing two halves of bilayer graphene triangular nanohole crystals with rotation
angles (—30°,0°) and (30°,0°) in a mirror-symmetric manner, which exhibits
a nonzero layer Chern number difference (ACy = 2) across the domain-wall
interface. Two nontrivial topological modes localized in different graphene
layers are marked by red and blue curves inside the nontrivial bandgap, re-
spectively. (b) Projected band structure determined for finite supercell com-
posed by two halves of bilayer graphene crystals of rotation angles (0°, —20°)
and (0°,20°) with nonzero valley Chern number difference ACy = 2 across
the mirror-symmetric domain-wall interface, showing two topological valley
modes (green) inside the nontrivial bandgap. (c) Field distribution of two
layer-polarized topological modes corresponding to By and B; points in (a).
(d) Field distribution of two topological valley modes corresponding to B3 and
B4 points in (b).

face. For the former configuration with nonzero layer Chern number, the bilayer
graphene metasurface with —1 layer Chern number for (30°,0°) orientation of tri-
angular hole and the system with 1 layer Chern number for (—30°,0°) orientation of
triangular hole are placed together, which builds a mirror-symmetric domain-wall
interface with ACy = 2. For the latter configuration with nonzero valley Chern num-
ber, the topological bilayer systems with +1 valley Chern number for (0°,£20°)

orientations of triangular holes are utilized to construct a supercell with a mirror-
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symmetric domain-wall interface with ACy = 2.

The projected band structures of the layer-polarized and valley-chirality-
locking bilayer graphene metasurfaces have been computed numerically and are
presented in Figs. 5.11(a) and 5.11(b), respectively. In these calculations we used
a supercell with a number of 20 unit cells along the y-axis and periodic boundary
conditions along the x-axis. The two domains with different orientations of trian-
gular holes are placed along the y-axis and are mirror symmetric with respect to the
x-axis. In Fig. 5.11(a) with ACy = 2, the light orange regions represent the pro-
jected bulk bands, whereas two topological modes are formed inside the nontrivial
bandgap with opposite group velocities, as marked by red and blue curves. To in-
vestigate two topological modes with layer-polarized property, two points B and B;
of topological valley modes are chosen at the frequency of 10.8 THz and 12.8 THz,
respectively. It can be seen in Fig. 5.11(c) that the field distribution of both modes
is localized at the domain-wall interface; however, the optical field of Bj is only
confined at the top layer while the optical field of B; is confined at the bottom layer.
Therefore, the bilayer graphene metasurface with nonzero layer Chern number ex-
hibits layer-polarized topological edge modes with opposite group velocities, and
the number of layer-polarized topological modes is equal to the layer Chern number

difference across the domain-wall interface.

By contrast, the bilayer graphene metasurface with ACy = 2 possesses two
topological valley modes with same group velocity in most of the k-space, as indi-
cated by the green curves in Fig. 5.11(b). At the chosen frequencies of 10.8 THz
and 11.3THz, the electric field of the two topological valley modes (B3 and By4) are
localized at the domain-wall interface and extended in both graphene layers (see
Fig. 5.11(d)). Note that the domain-wall interface constructed by the two halves
of bilayer system with (0°,£20°) is the same as the mirror operation of a topolog-
ical valley system which could connect the valley Chern number between K and
K’ valleys, so that the domain-wall interfaces in both cases could support chirality-
momentum-locked topological interface modes. As we will see later on, this idea

has important implications on the nature of topological interface modes of metasur-
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faces with more than two layers.
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Figure 5.12: (a) Spatial field profile of a layer-polarized topological mode in the finite
metasurface with a layer-Hall domain-wall interface, corresponding to B
at 10.8THz in Fig. 5.11(a). (b) same as in (a), but corresponding to B, at
12.8 THz in Fig. 5.11(a). (c) Unidirectional field propagation along the nega-
tive direction of the x-axis, when the finite metasurface is excited by a right-
circularly polarized source at frequency of 11.3THz (B3 in Fig. 5.11(b)).

Importantly, we also analyzed the layer-polarized and valley-chirality-locking
characteristics of light propagation along the domain-wall interface of bilayer
graphene metasurfaces, and the results are displayed in Fig. 5.12. To illustrate the
layer-polarized topological light propagation in a finite bilayer graphene metasur-
face with (£30°,0°) orientations of triangular holes, a RCP source is placed at the
center of top and bottom layers, respectively, which is used to excite topological
modes localized at different layers. As expected, when the source with a frequency
of 10.8 THz is located at the center of the top graphene layer, the high confinement
of electric field in the domain-wall interface of the top graphene layer is observed,
as illustrated in Fig. 5.12(a). Similarly, as shown in Fig. 5.12(b), a RCP source
with a frequency of 12.8 THz located at the bottom layer, excites the topological
interface mode only confined at the domain-wall interface of the bottom layer. It
should be noted that the layer-polarized topological modes excited by a RCP source
propagate along both positive and negative x-axis, which indicates that the excited
topological mode shows only layer-polarized property due to AC; # 0 and ACy =0
across the domain-wall.

Differently, the light propagation in the finite metasurface with (+0°,20°) tri-
angular hole orientations between the domain-wall interface is indicated in Fig.

5.12(c). Under the excitation of a RCP source with a frequency of 11.3 THz located
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at the top graphene layer, unidirectional propagation of light along the negative
direction of the x-axis of the domain-wall interface is observed. Specifically, the
light field of the topological mode extends at the domain-wall interface throughout
both graphene layers and displays unidirectional propagation characteristics, which
proves that the nonzero valley Chern number difference only results in the topolog-

ical modes with valley-chirality-locking properties.

5.4 Three-layer Graphene Triangular Nanohole
Crystals

In this section, a three-layer graphene triangular nanohole metasurface is investi-
gated, and the corresponding effective Hamiltonian is derived by considering the
interlayer coupling between any two layers, which will be verified by fitting the
eigenfrequencies of the first six bands with results of COMSOL simulations. Im-
portantly, there are three topological modes with two different characteristics (layer-
polarized and chirality-momentum-locked) inside a nontrivial bandgap, which will
be successfully explained by the layer Chern number and valley Chern number of

the three-layer graphene metasurface.

5.4.1 Band Diagram of Three-layer Graphene Crystals

So far, we have explained the monolayer graphene nanohole crystal with reduced
inversion symmetry, and bilayer graphene triangular nanohole metasurfaces with
additional mirror symmetry breaking, which possess a nontrivial bandgap by rotat-
ing the triangular hole with respect to the hexagonal lattice. In order to investigate
graphene systems with one more layer degree of freedom, a three-layer graphene
triangular nanohole metasurface with a mirror-symmetric domain-wall interface
composed by three-freestanding graphene layers has been studied as schematically
shown in Fig. 5.13(a). The top and bird’s eye views of its geometrical configuration
are presented in Figs. 5.13(b) and 5.13(c), respectively. It consists of a periodic
hexagonal lattice of triangular holes with lattice constant a, with the unit cell in

each layer containing a triangular hole with orientation 6, > 3 with respect to the lat-
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Figure 5.13: (a) Schematic of the three-layer graphene metasurface plasmonic waveguide
with a mirror-symmetric domain-wall interface oriented along the x-axis. (b)
Top view of unit cell of the three-layer graphene metasurfaces with lattice
constant a, of which each layer is composed of a regular triangular nanohole
with same sidelength s. The rotation angles of triangular holes in the unit cell
from top to bottom layers with respect to the hexagonal lattice are 6, 6, and
65, respectively. (c) Bird’s eye view of the unit cell with a separation distance,
h, between the two adjacent layers. (d) Bulk band diagram of the infinite three-
layer graphene triangular nanohole crystal with orientations of three triangular
holes along the direction of lattice vector with ;> 3 = 0°. By introducing the
interlayer coupling between three layers, the symmetry-protected three-layer
graphene crystal possesses three frequency-shifted Dirac cones at K point, and
the first six bands are depicted in red, blue, green, yellow, magenta, and black,
respectively.

tice vector ay. Specifically, we fix the lattice constant a = 500 nm, the sidelength of
triangular nanohole s = 200nm, and the separation distance between two adjacent

layers A = 200 nm.
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Figure 5.14: First six bulk bands of three-layer graphene triangular nanohole crystals, cal-
culated for various rotation angles (6;, 6, 03) of triangular holes. The inver-
sion symmetry reduction or mirror symmetry breaking results in nontrivial
frequency bandgaps between the third and fourth bands.

We show in Fig. 5.13(d) the bulk band structure of the first six bands along the
high-symmetry points in the hexagonal FBZ. Without the perturbation of the rota-
tion of triangular holes, the three-layer graphene crystal exhibits three symmetry-
protected Dirac cones at the K point. When the interlayer coupling is introduced
with the separation distance 7 = 200nm between any two layers, the Dirac cone
of each layer is split along the frequency-axis. Interestingly, the higher and lower
Dirac frequencies are symmetric with respect to the middle Dirac frequency at the

K point.

To properly identify the frequency band gap when the three-layer graphene
system is perturbed by rotating triangular holes so as to reduce the inversion sym-
metry or break the mirror symmetry, the variation of the first six bulk bands deter-
mined for specific orientations (60, 6,,63) of three triangular holes are presented
in Fig. 5.14. For the mirror-symmetric three-layer graphene system for which only
the inversion symmetry is reduced (68; = 6, = 03 # 0°), three frequency bandgaps

emerge around three Dirac points, the size of each increasing with the increment of
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rotation angles (see (15°,15° 15°) in Fig. 5.14). Hence, a common nontrivial fre-
quency band of the three-layer graphene crystal can appear when the rotation angle

reaches a threshold value of 15°.

When aiming to break the mirror symmetry, only the triangular holes in one
layer or two layers are rotated by 15°. For the former case, the band diagrams
of triangular holes being rotated in top (15°,0°,0°) or bottom (0°,0°,15°) layers
are same and exhibit a narrow bandgap between the third and fourth bands. How-
ever, with the (0°,15°,0°) orientation of triangular nanohole in the middle layer,
the top and bottom layers are still mirror-symmetric and thus preserve one mirror-
symmetry-protected Dirac cone at K point, which is independent of the orientation
of the triangular holes in the middle layer. When the triangular holes in any two
layers are rotated, the band diagram of the lower three bands shows two degener-
ate bands and one non-degenerate band, and the frequency bandgap between the
third and fourth bands is nontrivial. In addition, the maximum frequency bandgap
appears for the (30°, —30°,30°) orientation, in which the relative rotation angle be-
tween triangular holes in two adjacent layers reaches the largest possible value of
60°.

Since the three-layer graphene triangular nanohole crystal possesses nontrivial
bandgap when its inversion-symmetry or mirror-symmetry is broken, the orientation
of energy flow of bulk valley modes in these two typical cases are further investi-
gated, and the results are presented in Fig. 5.15. The three-layer graphene crystal
with reduced inversion symmetry via rotating the triangular holes by (20°,20°,20°)
exhibits three non-degenerate bands below the nontrivial bandgap. To be more spe-
cific, in Fig. 5.15(a), the three bulk valley modes are labelled Dy, D;, and D3, and
each of them has an intrinsic LCP vorticity marked by a clockwise-oriented red ar-
row. In particular, the electric fields of bulk valley modes D and D3 are confined
around the triangular holes and spread through all three layers, whereas the electric
field of D, is mostly located at the top and bottom layers, and thus can be viewed

as a layer-polarized mode.

When the mirror-symmetry of the three-layer graphene crystals is broken by
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Figure 5.15: (a) First six non-degenerate bulk bands of three-layer graphene triangular
nanohole crystals with orientations of three triangular holes (6;,6,,03) =
(20°,20°,20°). (b) From the left to right panel, electric fields and Poynting
vector distributions of the first three non-degenerate bands at K point corre-
spond to points Dy, D;, and D3 in (a), respectively. The red arrows repre-
sent LCP energy flow. (c) Band structure of three-layer graphene triangu-
lar nanohole crystals with orientations of three triangular holes (6, 0,,63) =
(30°,—30°,30°). Two bands marked by red and blue curves are degenerate at
K point. (d) From the left to right panel, electric fields and Poynting vector
distributions of the two degenerate bands and another non-degenerate band at
K point correspond to points D/, D/, and Ds in (c), respectively. The blue
arrow represents a RCP energy flow.

relatively rotating the triangular holes in two adjacent graphene layers, the system
exhibits the largest nontrivial bandgap with (30°, —30°,30°) orientations of trian-
gular holes (see Fig. 5.15(c)), in which the lower two bands (Dg and DZ) are de-
generate at K point. In addition, we present in Fig. 5.15(d) the energy flows of the

corresponding first three bands (D)), D and Ds) at K point. Interestingly, the elec-
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tric field of bulk valley modes from left to right panels is only confined around the
triangular holes at the middle or top and bottom layers with layer-polarized charac-
teristics, from which one can see that the intrinsic vorticities of the two degenerate
bulk modes at K point are opposite. Moreover, by comparing two similar electric
fields of points D/ and Ds, the field of D/ located at the middle layer is the radiation
of the field at the top and bottom layers while there is no optical field in the middle
layer of Ds. In this way, the eigenmodes D, D}, and Ds can be regarded as the
modes of the middle layer, and a symmetric and antisymmetric superpositions of

modes of top and bottom layers, respectively.

5.4.2 Effective Hamiltonian of Three-layer Graphene Crystals

To quantitatively describe the topological properties of three-layer graphene meta-
surfaces with triangular holes, an effective Hamiltonian of this photonic system is
constructed. In this process, the challenging part is to define the interlayer coupling
for the three layers. First, for the unperturbed three-layer graphene metasurfaces
with zero rotation angle (0; 2 3 = 0) of triangular holes in each layer, the symmetry
protection leads to the formation of three nonequivalent Dirac cones and six-fold de-
generacy of valley states at the K point. Therefore, six eigenstates of the three-layer
graphene metasurfaces are chosen as the basis, {wpl—, Yyt Vs Wt Vs ‘Vq;}-
When the interlayer coupling is not considered, the 6 by 6 Hamiltonian H!, of three-
layer graphene metasurfaces with triangular hole is the sum of monolayer Hamilto-
nians in Eq. (5.2) for three layers,

SH! — é 20 wpb; 2wpvp(Sky — iSky) (5.10)

i=1 \20pvp(S8ky+idky) —2%wp6;

where all the elements without interlayer coupling are the diagonal term of
the 6 x 6 Hamiltonian. To properly investigate the interlayer coupling among
three layers, all off-diagonal entries are estimated based on Eq. (5.5). For

the bilayer graphene system, the off-diagonal entries for interlayer coupling

I : : 20p wsa 0
Hamiltonian with coupling strength wgy are defined as

0 20p WsA
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Therefore, when a third layer is introduced into the bilayer system with the
same separation distance, the coupling between top and middle layers, and be-
tween middle and bottom layers remain unchanged with the same coupling
strength @ws4. In this way, the interlayer coupling term for the top and mid-

dle layers, middle and bottom layers can be defined as the off-diagonal of

2% wp 6, 2wpvp (ke — iky) 20 wp 6, 2wpvp (ke — iky)
20pvp (ke +iky)  —20wp6; © 20pvp (ke +iky)  —200p6;

20 wp6, 2wpvp (ky — iky) 20 wp0O; 20pvp (ky — iky)
20pvp (ki +iky) —2%wp6, 2wpvp (ky + iky) —28%wp0;

with the same coupling strength, respectively. Importantly, the interlayer coupling
term between the top and bottom layer is proposed in the off-diagonal between the
first and third layers of Eq. (5.10) with a different and smaller coupling strength
®§,. In this way, the interlayer coupling Hamiltonian for three-layer graphene

metasurfaces becomes,

0 0 20p Wsa 0 2mp w5, 0
0 0 0 20p Wsa 0 20p o,
5H£ _ 2Wp Wsa 0 0 0 20p s 0 5.11)
0 20p s 0 0 0 2Wp Ws
20p o, 0 20p Wsa 0 0 0
0 20p o, 0 20p Wsa 0 0

where the coupling strength between any two layers is expressed as the off-diagonal
terms of the corresponding Hamiltonian. Coupling strengths ws4 and g, can be

numerically extracted. By combining Egs. (5.10) and (5.11), the perturbed effective



5.4. Three-layer Graphene Triangular Nanohole Crystals 208

Hamiltonian of three-layer graphene metasurfaces can be obtained,

set = St OH: _
20p
968, vp(Sky—idk)  wsa 0 W, 0
vp(8k, +iSky)  —06 0 W54 0 o

Ws4 0 06, vp(Sky—idk,)  @sa 0
0 W54 vp(6ky+idky) —96, 0 WA

ol 0 s 0 06;  vp(Sk,—idky)
0 [ 0 s vp(Oky + idky) —96;

(5.12)

Utilizing the Pauli matrices, it can be rewritten as,

0H' =
vpso @ (8kyOy + Oky0y) + O (0ts; + Bso + Ys4) @ O + Wsasy ® Op + OgySaq @ Gp
(5.13)
where s; and o; (i = 0,x,y,z) are 3 X 3 and 2 x 2 Pauli matrices indicating the layered

pseudospin and orbital degree of freedoms, respectively. The diagonal spin matrix
1 00 0 01

sqisdefinedas | 0 0 O | and an anti-diagonal spin matrix s,z is | 0 0 0 |. To

0 0 1 1 00
simplify the notation, the rotation angle of triangular holes in the top (8), middle

(6,), and bottom (63) layers are represented by o« + B + 7y, B, and —a + 3 + 7,
respectively, with 2a being the relative angles between triangular holes of top and
bottom layers, and o + ¥ being the relative angles of triangular holes in top and
bottom layers with respect to the middle layer. Note that, because the interlayer
coupling between the top and bottom layers is different from the coupling to the
middle layer, the new interlayer coupling term between the top and bottom layers is

added at the end of Eq. (5.13).

By solving the eigenvalue matrix equation OH'¢; = Sw;¢; with i =
1,2,3,4,5,6, we obtained the frequency dispersion relation of eigenfrequencies
and corresponding eigenstates for the first six bands. Then, for various orien-

tations of triangular holes in three-layer graphene metasurfaces, the parameters,
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slope of the frequency dispersion curve around the Dirac point vp = 4.09, an-

gular coefficient ¥ = 4.03deg™!

, interlayer coupling strength between two adja-
cent layers wsq = —0.8494, and coupling strength between top and bottom layers
g, = 0.0646, are extracted by fitting the eigenfrequencies around K valley with
computed band diagrams from the COMSOL simulations in Fig. 5.14. By compar-
ing the angular coefficient ¥ and interlayer coupling strength between two adjacent
layers wgy of bilayer and three-layer graphene metasurfaces, one can conclude that
these two parameters are almost unchanged with the introduction of the additional
third layer in the layered system with same lattice constant, triangular hole and
separation distance. Moreover, the interlayer coupling strength @, between the
top and bottom layers is 10 orders of magnitude smaller than the interlayer coupling
ws4 between two adjacent layers.

Figure 5.16 presents the frequency dispersion bands around K point, calcu-
lated for various orientations of triangular holes in three-layer graphene metasur-
faces by using the effective Hamiltonian (blue curves) with extracted parameters
and full-wave COMSOL simulations (red dotted curves), respectively. The x-axis
represents the wave vector difference with respect to the K point, whereas the fre-
quency difference relative to the mean Dirac frequency of 11.29THz is plotted on
the y-axis. The good agreement between eigenfrequencies of derived Hamiltonian
and the COMSOL simulations around K valley validates the effectiveness of per-
turbed Hamiltonian for three-layer graphene metasurfaces, even in the cases with
reduced inversion symmetry or broken mirror-symmetry.

Since the topological modes in three-layer graphene triangular nanohole meta-
surfaces show layer-polarized characteristics under the reduced inversion symmetry
and mirror-symmetry breaking, the eigenstates {¢;, @2, @3} of the lower three bands

can be regrouped into three new eigenstates { Wy, Y., y_} based on a layer operator
0 01

L=10 0 0| ®IL withl, being a2 x 2 identity matrix that can represent the field

1 00
confinement in middle layer with eigenvector as (0,1,0)” and symmetric and anti-

symmetric supermodes in top and bottom layers with eigenvectors as (1,0,1)7 and
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Figure 5.16: Detailed band structure along the k vector difference 8k with respect to the
K-point, determined for specific orientations (6;,6,,03) of triangular holes
in three-layer graphene metasurfaces. d @ corresponds to the frequency dif-
ference of the first six bands with respect to the mean Dirac frequency at
11.29THz. The blue solid and red dotted curves represent @ calculated
by effective perturbed 6 x 6 Hamiltonian and COMSOL simulations, respec-
tively.

(1,0,—1)7, respectively. For three eigenvectors below the bandgap, ¢; is an eigen-
vector corresponding to the field confinement in the middle layer, whereas ¢» and
@3 correspond to symmetric and antisymmetric superpositions of modes confined in
the top and bottom layers, respectively. By expressing the layer operator L in the
basis of eigenstates of lower three bands { @, ¢, ¢3 }, the 3 x 3 matrix representation

of layer operator becomes,

(D1IL|¢1)  (O1]L|d2) (¢1]L]¢3) c 0 ¢
(0ilL[9j) = | (d2|L|g1) (¢2|L|dn) (9alLl¢3) | =0 m O (5.14)
(OsIL|¢1) (93]L|d2) (¢3]L[¢3) t 0 u

where (91|L|¢2) = ($2|L|g1) = (92|LI3) = (¢3[L|¢o) < 107* = 0 is ob-
tained by our computational method. The eigenvalues of this matrix are

Y mwve ;oo SO o vz, rorer- AU
{m, SHuV o chubVe bt ot} with ejgenstates (0, 1,0)7,
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—ctut+Vc2+H412 —2cu+u? T —ctu—Vc2+412 —2cu+u? T
( = ,0,1)", and ( > ,0,1)

, respectively.
By considering middle (¢;), symmetric (¢), and antisymmetric (¢3) layer-polarized
eigenmodes as (0,1,0)7, (1,0,1)7, and (1,0,—1)7, one can obtain the regrouped

eigenstates as,

Vo = 91, (5.15)
w2 T AT Dt 4 V42 2cutu®

v, = ctu—2t+ 54—t|—4t 2cu+u ¢+ ctu+2t+ 24‘;‘41‘ 2cutu 3, (5.16)
sy _ V4 2cuti®

v = c+u—2t f4—to—4t 2cutu ¢2_|_ c+u+2t f4‘t|'4t 2cutu 3, (5.17)

Three types of Berry curvature and corresponding quantized topological in-
variants could be computational calculated based on the regrouped layer-polarized
basis { W, ¥4, w_}. We show in Fig. 5.17 the Berry curvature distribution around
K valley for three-layer graphene system with £+(20°,20°,20°) orientations of tri-
angular holes. Three types of Berry curvatures of the system with (20°,20°,20°)

orientations show a maximum at K point indicating Cy = C. = C_ = 0.5 valley
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Figure 5.17: Layer-polarized Berry curvature Q distribution over the K valley computed
by the regrouped eigenstate basis Yy, W4, and y_. Notations 0, +, and
— correspond to eigenmodes localized in the middle layer, symmetric, and
anti-symmetric supermodes, respectively. (a)-(c) for orientations of triangu-
lar holes (6, 62, 63) = (20°,20°,20°). (d)-(f) Mirror-symmetric to (a)-(c), for
orientations of triangular holes (0}, 6,,603) = (—20°,—20°,—20°).
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Chern numbers, while the Berry curvature of layer-polarized valley Chern number
of the system with (—20°,—20°, —20°) orientations presents a minimum at the K
point (Cp = Cy = C_ = —0.5). Additionally, the sign of valley Chern number is
consistent with the intrinsic chiral vorticity of the light flow in Fig. 5.15(b). Specif-
ically, the positive and negative Chern numbers correspond to LCP and RCP energy
flows, respectively.

For the three-layer graphene system with +(30°,—30°,30°) orientations of
triangular holes with mirror symmetry breaking between two adjacent layers, the
Berry curvature distribution calculated by { wy, v, w_} around K valley are given
in Fig. 5.18. Based on the sign of the calculated topological invariants, the quan-
tized topological invariants for the system with triangular hole orientation along
(30°,—-30°,30°) are —Cp = C+ = C_ = 0.5, while the quantized topological in-

variant for triangular hole orientation (—30°,30°,—30°) have opposite values as

compared to the former case, namely Cy = —C; = —C_ =0.5.
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Figure 5.18: Similar to Fig. 5.17, but for two mirror-symmetric specific orientations of
three triangular holes. (a)-(c) (61,6,,63) = (30°,—30°,30°) and (d)-(f)
(61,6,,03) = (—30°,30°,—30°).

As a consequence, a layer Chern number and a valley Chern number for
the three-layer graphene metasurfaces can be defined, which should represent the

number of layer-polarized and valley-chirality-locked topological modes, respec-
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tively. As it is well-known, valley Chern number in this three-layer topological
system with chirality features is the sum of Chern number below the bandgap,
Cy = Cy + C4 + C_. Furthermore, the layer Chern number of the three-layer
graphene nanohole metasurface is defined, and indicating the number of layer-

polarized topological modes as C;, = Cy—C —C_.

5.4.3 Layer-polarized and Chirality-momentum-locked Topo-

logical Modes in Three-layer Graphene Metasurfaces

Since the number of topological modes inside the nontrivial bandgap should be
equal to the defined Chern numbers AC;, and ACy across the domain-wall inter-
face, the projected band diagrams of a finite three-layer graphene metasurface with
inversion-symmetry reduction and mirror symmetry breaking have been computed.
This would allows us to validate our definition of the layer and valley Chern num-
bers.

Consequently, a supercell with 20 unit cells along the y-axis is composed by
combing two halves of three-layer graphene supercells with +(20°,20°,20°) trian-
gular hole orientations in a mirror-symmetric manner, which forms a domain-wall
interface with layer Chern number difference AC;, = 1 and valley Chern number
difference ACy = 3. This means that there should be three valley-chirality-locked
topological modes and one layer-polarized topological mode inside the bandgap.
We present in Fig. 5.19(a) the projected band diagram of this configuration. In this
figure, the orange regions represent the bulk states, and three topological modes
can be seen inside the nontrivial bandgap. To gain deeper physical insights into
the properties of three topological modes, their field distributions corresponding
to three points marked in Fig. 5.19(a) have been investigated, and the results are
shown in Fig. 5.19(b). The field distribution of the topological mode 77 and 73,
are highly confined at the domain-wall interface and dispersed throughout the three
layers, whereas the field distribution of the topological mode 7> is only confined at
the domain-wall interface, at the top and bottom layers. To be more specific, the
symmetry property of the topological mode 7> is illustrated in Fig. 5.19(c). For all

three components of the electric field, the spatial distribution of 7> located in the
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top layer is opposite to that in the bottom layer, which proves the anti-symmetric
property of topological mode 7> marked by blue curves in Fig. 5.19(a).

In addition, we show in Fig. 5.20(a) the projected band diagram for a three-
layer graphene supercell under the breaking of mirror symmetry, which is con-
structed by two three-layer graphene metasurfaces with +(30°, —30°,30°) rotation
angles of triangular holes in a mirror-symmetric manner. This configuration ex-
hibits layer Chern number difference AC;, = 3 and valley Chern number difference
ACy =1 across the domain-wall interface. As expected, three topological modes
emerge inside the nontrivial bandgap. To distinguish the optical property of the
three topological modes, we show in Fig. 5.20(b) from top to bottom panels the
spatial field distribution of three topological eigenmodes marked by 74, 75, and Tg

in Fig. 5.20(a), respectively. In this figure, all three topological modes localized
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Figure 5.19: (a) Projected band (orange) structure of the finite supercell by combining two
halves of three-layer graphene triangular nanohole crystals with rotation an-
gles (20°,20°,20°) and (—20°,—20°,—20°) in a mirror-symmetric manner,
which exhibits nonzero layer Chern number difference (AC;, = 1) and nonzero
valley Chern number difference (ACy = 3) across the domain-wall interface.
Two topological valley modes without layer-polarized property inside the non-
trivial bandgap are marked by red curves while the layer-polarized topologi-
cal valley mode is depicted in blue. (b) Field distribution of three topological
valley modes corresponding to 71, 7>, and 73 points in (a). (c) Spatial distribu-
tion of the E, E\, and E; components of the anti-symmetric topological valley
modes 73 in (a).
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Figure 5.20: (a) Projected band diagram of the finite supercell with a mirror-symmetric
domain-wall interface (AC; = 3 and ACy = 1), which is constructed by
two three-layer graphene triangular nanohole crystals with rotation angles
(30°,-30°,30°) and (—30°,30°,—30°). The red, blue, and green curves
represent the middle-layer, anti-symmetric, and symmetric topological layer-
polarized modes, respectively. (b) Field distribution of three layer-polarized
topological modes corresponding to 74, 75, and T points in (a). Spatial dis-
tribution of the Ey, E,, and E; components of the anti-symmetric topological
supermode 75 (c), and the symmetric topological supermode g (d).

at the domain-wall interface show layer-polarized properties. Specifically, the field
distribution of 74 shows high confinement in the middle layer whereas the optical
fields of 75 and Tg are highly confined at the top and bottom layers. We further show
in Figs. 5.20(c) and 5.20(d) the spatial distribution of the topological modes 75 and
Ty in three electric field components, respectively. As can be seen, for all three
field components, the fields of 75 are anti-symmetric with respect to the top and
bottom layers whereas the fields of Ty are symmetric with respect to these layers.
In this way, this graphene system possesses three topological modes with middle-,
antisymmetric- and symmetric-layer-polarized properties, as marked by red, blue,

and green curves in Fig. 5.20(a), respectively.

Since the layer-polarized characteristics can be observed from the field distri-
bution of the eigenmode, the light propagation of all topological modes in the finite

three-layer graphene metasurfaces has been investigated in order to better under-
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Figure 5.21: (a) Unidirectional field propagation along the negative direction of the x-axis,
when a right-circularly polarized source at frequency of 11.2THz is placed at
the top layer of finite three-layer graphene metasurface with triangular hole
orientations (20°,20°,20°) and (—20°,—20°,—20°). (b) The same as in (a),
but for the excitation frequency at 11.5 THz.

stand the valley-chirality-locking property of the topological modes. A monochro-
matic RCP excitation source is placed at the center of the graphene layer, which is
utilized to excite topological modes along the negative x-axis of domain-wall in-
terface with negative group velocity. More specifically, we present in Fig. 5.21
the unidirectional character of light propagation along the domain-wall interface of
three-layer graphene waveguide with +(20°,20°,20°) triangular hole orientations.
At the frequency of 11.2THz, a RCP light source placed at the center of the top layer
of the three-layer graphene metasurface, excites unidirectional light propagation of
topological mode along the negative x-axis of the domain-wall interface in the three
layers (see Fig. 5.21(a)), which is the mixed optical field of red and blue topological
bands at the lower dotted frequency line in Fig. 5.19(a). Since the topological mode
depicted in blue is antisymmetric-layer-polarized at the top and bottom layers, the
optical field at the top and bottom graphene layers is significantly stronger than that
at the middle graphene layer. Similarly, as shown in Fig. 5.21(b), a RCP source
with frequency of 11.5THz excites unidirectional light propagation of topological

mode along the negative x-axis of the domain-wall interface, corresponding to the
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red band at the 11.5THz dotted frequency line in Fig. 5.19(a). Because all three
topological modes exhibit valley-chirality-locking property, the number of topolog-
ical valley modes is equal to the valley Chern number ACy = 3. In addition, one of
the topological valley modes is antisymmetric-layer-polarized, which is consistent

with the layer Chern number ACy = 1.
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Figure 5.22: From left to right panels, light propagation in the finite three-layer
graphene metasurfaces with triangular hole orientations (30°,—30°,30°)
and (—30°,30°,—30°), determined for excitation frequency at 10.5THz,
12.3THz, and 13 THz of a RCP source placed at the top layer, respectively.

For the three-layer graphene metasurfaces of +(30°, —30°,30°) triangular hole
orientations with ACy = 3 and ACy = 1 across the domain-wall interface, the light
propagation of topological modes determined for different frequencies is shown in
Fig. 5.22. Since the eigenmode at the frequency of 10.5THz corresponding to the
red band in Fig. 5.20(a) exhibits middle-layer-polarized property, a RCP source is
placed at the center of the middle graphene layer. It can be seen in Fig. 5.22(a)
that, as expected, the light is markedly more confined along the domain interface
at the middle layer rathen than at the other two layers. Differently, as presented
in Fig. 5.22(b), a RCP light source with a frequency of 12.3THz located at the
top layer excites a topological mode that propagates along the negative x-axis of
the domain interface, at the top and bottom graphene layers, which shows a good
agreement with the antisymmetric eigenmode of blue band in Fig. 5.20(a). When
the excitation frequency of the RCP source is increased to 13 THz, as indicated in
Fig. 5.22(c), the excited propagating mode is mainly confined at the domain-wall

interface of the top and bottom graphene layers. Additionally, a larger amount of
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optical energy propagates along the negative direction of the x-axis as compared to
the amount propagating along the opposite direction, which suggests a mixture of
modes corresponding to blue (unidirectional and antisymmetric) and green (sym-
metric) bands at the 13 THz frequency line in Fig. 5.20(a). Hence, the number of
layer-polarized topological modes is equal to the layer Chern number ACy, = 3, of
which one antisymmetric topological mode shows unidirectional propagation with

the value of the valley Chern number ACy = 1.
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Figure 5.23: From leftmost to the rightmost panels, Fourier transform of normalized elec-
tric fields shown in Fig. 5.21(a), Fig. 5.21(b), and Fig. 5.22(c), respectively.
The blue and red curves represent the normalized electric fields localized in
middle and bottom graphene layers, respectively.

To properly distinguish the mixing of optical fields in Fig. 5.21(a), Fig. 5.21(b),
and Fig. 5.22(c), the value of wave-vectors of the optical field propagating in dif-
ferent graphene layers can be extracted by Fourier transforming the field profiles
E(r) to the momentum space E(k), and the results are present in Fig. 5.23. The
blue and red curves represent the light propagation confined in the middle and
bottom graphene, respectively. As illustrated in Fig. 5.23(a) corresponding to the
mixed light propagation in Fig. 5.22(a), the field spectrum at the middle graphene
layer displays one peak around k, = —0.457/a while there are two peaks around
ky = —0.457/a and k, = —0.97/a for the field spectrum of the bottom graphene
layer. This demonstrates that the peaks located at negative k, wave-vectors cor-
respond to backward-propagating modes. Specifically, two peaks of the bottom
layer indicate the mixed mode between red and blue bands in Fig. 5.19(a) whereas
one peak of the middle layer corresponds to the red band in Fig. 5.19(a), which
has a good agreement with the layer-polarized antisymmetric topological mode de-

picted in blue. Similarly, for the field spectrum of the pure valley-chirality-locked



5.5. Conclusion 219

topological mode in Fig. 5.21(b), we show in Fig. 5.23(b) that the field spectra
of all three graphene layers have only one peak around k, = —0.557/a, corre-
sponding to the unidirectional propagation of topological mode 7 in Fig. 5.19(a).
Moreover, we present in Fig. 5.23(c) the Fourier field spectra of the mixed opti-
cal field in Fig. 5.22(c). The field spectrum of the middle graphene layer exhibits
two peaks around k, = £0.47/a, which corresponds to the optical field of layer-
polarized symmetric mode 7g in Fig. 5.20(a). However, there are three peaks around
ky =+0.47/a and k, = 0.357 /a in the field spectrum of the bottom graphene layer,
from which one can see that a new valley-chirality-locking optical field with uni-
directional propagation (blue band in Fig. 5.20(a)) is mixed with the former layer-

polarized symmetric mode 7§ in the bottom layer.

5.5 Conclusion

In this chapter, we presented the topological properties of layered graphene trian-
gular nanohole metasurfaces with valley-chirality-locking and layer-polarized char-
acteristics. Starting from a monolayer graphene metasurface, we proved that the
specific orientations of triangular nanohole with respect to the hexagonal lattice
could reduce the inversion symmetry and open a nontrivial bandgap with chirality-
momentum-locking features. By introducing additional second and third layers, the
new layer degree of freedom brings layer pseudospins into the bilayer and three-
layer graphene systems, which can be achieved by rotating the triangular holes of
each graphene layer to break the mirror symmetry of the bilayer and three-layer
graphene metasurfaces. Based on the inversion symmetry breaking perturbation of
monolayer system, a key thrust of the work presented in this chapter represents the
derivation of an effective perturbation Hamiltonian by considering the nonzero in-
terlayer coupling in bilayer and three-layer systems, whose predictions show a good

agreement with COMSOL simulations.

Moreover, for the bilayer graphene metasurface, the layer Chern number and
valley Chern number are defined as the difference and the sum of the pseudospin

valley Chern numbers, respectively. Our computational results show a phase dia-
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gram of layer and valley Chern number parameterized by rotation angles. For the
three-layer graphene metasurface, in addition to the valley Chern number as a sum
of Chern numbers (Cy = Cy + C; 4 C_) calculated using a specially defined basis
of eigenmodes, the layer Chern number is defined as C;, = Cy — C+ — C_. Specifi-
cally, two kinds of mirror-symmetric domain-wall interfaces with nonzero layer and
valley Chern number differences are constructed and analyzed. The results of our
numerical computations show that, as conjectured, the number of layer-polarized
and valley-chirality-locking topological modes is equal to the layer Chern number

and valley Chern number across the domain-wall interface, respectively.
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Chapter 6

Conclusions and future work

Photonic topological insulators are the extension of topological insulators from
solid state physics into the area of optics, which is mostly studied on photonic
crystals. As part of these developments in topological photonics, new phenom-
ena and applications, such as unidirectional, topologically protected light propa-
gation in which disorder-induced backscattering is suppressed, have been success-
fully demonstrated. By introducing the time-reversal and spatial-inversion sym-
metry breaking into the periodic photonic system, the symmetry-protected Dirac
cone will be gapped out which generates a nontrivial frequency bandgap. When the
domain-wall interface is properly designed with nonzero Chern number difference,
the topologically protected edge mode can emerge inside the nontrivial bandgap
and the corresponding light propagation is localized at the domain-wall interface.
Moreover, nonlinear topological photonics has been attracting increasing research
interest, as it provides an exciting photonic platform that combines the advantages
of active all-optical control offered by nonlinear optics with the unique features of
topological photonic systems, such as different spatial profiles among topologically
protected edge modes, trivial edge modes, and bulk modes. Specifically, photonic
topological insulators under spatial-inversion symmetry have been being less ex-
plored in 2D photonic platforms, including graphene. Taking advantage of key
factors of graphene metasurfaces, such as tunable chemical potential, long intrinsic
relaxation times, large near-field enhancement of plasmons, and large third-order

susceptibility, the graphene-based topological photonic system shows great poten-
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tial in the development of active and robust integrated photonic nanodevices with

high frequency, low loss and ultralow optical power.

This dissertation proposed the topological valley plasmon transport on
graphene nanohole metasurfaces, and achieved the need for computational de-
sign of active optically and chemically controllable nanodevices, respectively. 1
developed three configurations of graphene metasurfaces possessing valley topo-
logical plasmonic modes inside a nontrivial frequency bandgap: i) a single graphene
nanohole metasurface with spatial-inversion symmetry reduction by introducing ex-
tra nanoholes (chapter 3), i1) bilayer graphene metasurfaces with mirror symmetry
breaking via a horizontal shift (chapter 6) and iii) layered graphene triangular
nanohole metasurfaces (chapter 8) with inversion symmetry reduction and mirror
symmetry breaking by rotating triangular holes. In particular, a domain-wall inter-
face is constructed by placing together two graphene metasurfaces with opposite
valley Chern numbers, and topologically protected valley modes propagate along

the domain-wall interface with unidirectional features.

Taking advantage of the strong Kerr effect and tunable chemical potential of
graphene, I developed an active all-optical switch in chapter 4 and an efficient ap-
proach of coupling topological and trivial edge modes in chapter 5, by optically
tuning the frequency bandgap of a monolayer graphene nanohole metasurface via
optical Kerr effect. Moreover, a molecular gas sensor based on the fact that the
Fermi energy of graphene varies upon chemical doping is investigated on bilayer
graphene metasurfaces in chapter 7. The presented theoretical results and designs
may not only provide deeper insights into topological valley photonic systems with
spatial-inversion or mirror-symmetry breaking, but also lead to active photonic nan-

odevices implemented in integrated and robust graphene-based topological systems.

My original contributions to the field of the graphene-based topological pho-
tonic systems will be summarized in the next section and the future perspectives in

the area of topological photonics will be described in Sec. 6.2.
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6.1 Contributions

There are two main contributions of this thesis in the development of topologi-
cal photonics in two-dimensional photonic platforms, including graphene. First,
our theoretical and computational works develop various graphene-based topolog-
ical photonic systems with a new layer degree of freedom, in which the spatial-
inversion symmetry and novel mirror symmetry breaking can be achieved. In partic-
ular, monolayer, bilayer, and three-layer graphene nanohole plasmonic waveguides
have been proposed, and possess plasmonic topological valley-chirality-locked in-
terface modes with unidirectional characteristics. In addition, the layer-polarized
topological modes is observed at the domain-wall interface of layered graphene
metasurfaces with the nonzero layer Chern number. Second, our work can facili-
tate and spur the development of new or improved active graphene-based photonic
devices that combine the unidirectional feature in topological photonics with tun-
able advantages, whose functionality can be provided by nonlinear optics or chem-
ical potential of graphene. Specifically, I have studied the influence of Kerr effect
in a monolayer graphene topological photonic system, which can tune the refrac-
tive index of graphene via an extended pump beam. Since the variation of refrac-
tive index can result in a frequency shift of bandgap, an active all-optical switch
and an effective nonlinear mode coupler can be implemented in this monolayer
topologically-protected graphene nanohole metasurface. Furthermore, I have de-
signed a graphene-based molecular gas sensor based on the fact that the chemical
potential of graphene can be tuned via gas molecule adsorption. This effect induces
a strong variation of the transmission of the topological interface modes, which is
employed as the underlying working principle of gas sensing devices.

To be more specific, several valuable and remarkable findings can be summa-
rized in this thesis, which may contribute to the development of graphene-based

topological photonics and its applications:

e Graphene-based topological valley photonic system Topological valley-Hall
photonic modes have been mostly studied in bulk materials, such as photonic

crystals, being less explored in graphene. This 2D material is becoming
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a promising platform to achieve passive and active topologically protected
plasmonic modes at an extremely deep subwavelength scale, due to its high

carrier mobility, long relaxation time, and low loss at the Terahertz range.

e Novel mirror symmetry breaking By introducing the additional layer with a
new layer degree of freedom, I studied the mirror symmetry breaking of
bilayer graphene nanohole plasmonic waveguides. Valley topological plas-
monic modes are realized on a bilayer graphene metasurface by horizontally
shifting in opposite directions the lattice of holes of the top layer with respect
to the bottom layer. In addition to the chirality-momentum-locked topological
mode, the bilayer and three-layer graphene metasurfaces with specific orien-
tations of triangular holes exhibit nontrivial bandgaps, in which topological

valley modes emerge with layer-polarized properties.

o Effective Hamiltonian of three-layer graphene metasufaces Starting from the
effective perturbed Hamiltonian of monolayer graphene triangular nanohole
crystal, I derived an effective Hamiltonian of three-layer graphene triangular
nanohole metasurfaces by considering the interlayer coupling between two
adjacent layers and another interlayer coupling term between the top and bot-

tom layers, which is well-fitted by the results of COMSOL simulation.

e Valley Chern number calculation Based on the Wilson-loop approach, the val-
ley Chern number has been calculated over the K valley by the eigenfields
obtained from Hamiltonian and COMSOL simulations, respectively. Our
computational results prove that the absolute value of valley Chern number
depends on the perturbation applied to the system and a 0.5 value of valley

Chern number can be achieved only for infinitesimal perturbations at K point.

e Layer and valley Chern number To distinguish layer-polarized and valley-
chirality-locked topological modes, the layer Chern number and valley Chern
number have been defined in the bilayer and three-layer graphene triangular

hole metasurfaces.
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e Combination of topological photonics and nonlinear optics The unique prop-
erties of graphene-based topological systems, in conjunction with strong non-
linear optical interactions occurring in graphene, can be employed to de-
velop nonlinear photonic devices and systems, which can be used to opti-
cally control topologically-protected defect-immune light propagation at the
nanoscale. In particular, an all-optical switch has been achieved in graphene
metasurfaces under various optical pump powers, due to large optical near-
field enhancement and extended life-time of plasmons in graphene metasur-

faces with strong Kerr nonlinearity. .

o Efficient coupler for transferring light to topological modes With the aim of
developing efficient excitation techniques that would allow one to couple op-
tical power from external sources to topological modes of photonic struc-
tures, I design and theoretically analyze an effective coupling between trivial
edge mode and an interface topological mode of a monolayer graphene meta-
surface, which can be tuned through Kerr effect induced by a pump beam
injected by a bulk mode. This functionality is achieved by the variation of
the power-dependent refractive index leading to a change of phase-mismatch

between topological and trivial edge modes.

e Slow light regime By choosing a bulk mode in the slow-light (SL) regime as a
pump beam to induce the Kerr effect in the graphene topological systems, |
proved that the required pump power can be significantly reduced if the device
is operated in the SL regime, which is particularly effective for increasing the

efficiency of nonlinear wave interactions.

6.2 Future Perspectives

The novel and unique properties of topological photonics, such as unidirectional,
defect-immune, and scattering-free propagation of light, have a great potential to
contribute to the development of robust on-chip ultracompact nanophotonic devices.
Key factors, such as large, tunable carrier densities and long intrinsic relaxation

times up to the picosecond range, make graphene an ideal platform for topological
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plasmonics at high frequency, low loss, and large topological bandgaps. My theoret-
ical and computational study of the topological valley transport on graphene meta-
surfaces, proposed various graphene-based topological photonic systems, which are
further applied to optically- or chemically- controllable nanodevices. In addition,
there are two future perspectives for my research work that can be developed. One
is to thoroughly explore the change of Chern number of layered graphene meta-
surfaces when the orientations of triangular holes are totally opposite, another is to
develop active topological photonic devices relying on nonlinear processes.

Since the topological modes with valley-chirality-locked features can only be
achieved inside a mirror-symmetric domain-wall interface, it is significant to ex-
plore the Chern number difference between two graphene systems with opposite
rotation angles of triangular holes, namely in a mirror-symmetric manner. Hence,
if an analytic relation between Chern numbers of opposite rotation angles can be
derived, it will reduce 50% computation time. Specifically, the opposite sign of
rotation angles directly influences the effective Hamiltonian, which results in the
change of eigenvectors with the same eigenfrequencies. In this way, the valley
Chern numbers calculated using the eigenvectors or a specially defined basis may
change their signs with opposite triangular hole orientations.

The most important potential extension of topological photonics focuses on
the investigation of the nonlinear optical response of such photonic systems. Key
functionalities of active photonic devices, such as tunability, optical frequency gen-
eration, and sensing, can most effectively be implemented by employing the non-
linear optical response of the underlying materials. To this end, active topological
photonic devices relying on nonlinear optical effects, including Kerr effect, second-
harmonic generation (SHG), third-harmonic generation (THG), and four-wave mix-
ing (FWM), may possess new or improved functionality. Since the significant non-
linearity enhancement of graphene makes it promising to achieve strong nonlinear
interaction in topological photonic systems, frequency-mixing processes between
phase-matched topological edge modes, such as FWM and THG, can be further

studied in graphene-based topological plasmonic metasurfaces.
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